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DYNAMICS OF COMPACT QUANTUM METRIC SPACES
JENS KAAD AND DAVID KYED
Dedicated to Ryszard Nest on the occasion of his upcoming retirement
— with great admiration and gratitude for all the things you taught us.
Abstract. We provide a detailed study of actions of the integers on compact quantum
metric spaces, which includes general criteria ensuring that the associated crossed product
algebra is again a compact quantum metric space in a natural way. We moreover provide
a flexible set of assumptions ensuring that a continuous family of ∗-automorphisms of a
compact quantum metric space, yields a field of crossed product algebras which varies
continuously in Rieffel’s quantum Gromov-Hausdorff distance. Lastly we show how our
results apply to continuous families of Lip-isometric actions on compact quantum metric
spaces and to families of diffeomorphisms of compact Riemannian manifolds which vary
continuously in the Whitney C1-topology.
1. Introduction
In a series of papers from the late nineties and the beginning of this century, a theory of
quantum metric spaces was initiated and developed by Rieffel, [Rie99, Rie98, Rie04b].
The core idea is to investigate metrics on state spaces of C∗-algebras that arise via
duality from a densely defined semi-norm (called the Lip-norm) with the crucial property
being that the metric in question actually metrizes the weak ∗-topology. The classical
origin of this idea is the Monge-Kantorovicˇ metric on the set of regular Borel probability
measures on a compact metric space, [Kan45], but Rieffel’s theory is also deeply linked to
current developments in noncommutative geometry, [Con89, Con94, Con96]. Indeed,
the prototypical example of a semi-norm arises as the composition of the operator norm
with the densely defined derivation given by taking commutators with the Dirac operator
of a spectral triple, [Rie04a].
A particularly interesting aspect of Rieffel’s theory is that it admits a noncom-
mutative counterpart of the Gromov-Hausdorff distance for compact metric spaces,
[Gro81, Rie04b]. This notion of distance is referred to as the quantum Gromov-
Hausdorff distance and one may apply it to investigate convergence questions for families
of quantum metric spaces in a whole range of contexts. Most famously, this was addressed
by Rieffel in [Rie04c] for the case of matrices (fuzzy spheres) converging to the 2-sphere
and for noncommutative tori, which vary continuously in the deformation parameter θ
(a real skew-symmetric matrix), see [Rie04b]. This line of reasoning was further devel-
oped by Li who proved that more general θ-deformations of torodial spin manifolds vary
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continuously in the deformation parameter when the semi-norm comes from the Connes-
Landi-Dubois-Violette Dirac operator, see [Li05, Li06, CoLa01, CoDV02]. Further
important work on the convergence problem was carried out by Latre´molie`re, in particular
regarding the approximations of tori by fuzzy tori [Lat05]. In more recent years, new
developments were pioneered by Latre´molie`re on alternative distances between quantum
metric spaces, see [Lat15, Lat16], which has given rise to numerous new convergence
results, including the approximation of non-commutative solenoids by quantum tori by
Latre´molie`re and Packer [LaPa18] and the approximation of AF-algebras by matrix
algebras by Aguilar and Latre´molie`re [AgLa15]. A pivotal role in the deep work of
Latre´molie`re is played by the Leibniz inequality, which is for example satisfied when the
semi-norm comes from a derivation. One of the main motivations for this work was to
incorporate the ∗-algebraic structure of C∗-algebras and not only the order unit structure
of their real part. Indeed, in Latre´molie`re’s framework it holds that two C∗-algebraic
quantum metric spaces with distance equal to zero are actually ∗-isomorphic and not just
isomorphic as order unit spaces. It should be mentioned that this property is also shared
by other notions of distance as proposed in [Li03, Ker03].
In the present work we shall consider the general setup of a C∗-algebraic compact quan-
tum metric space (B,L) equipped with a ∗-automorphism β : B → B. The dynamics of β
is naturally encoded in the associated crossed product algebra C∗r (Z, B, β), and our main
focus will be on lifting the quantum metric structure from B to C∗r (Z, B, β) and investi-
gate convergence problems in the quantum Gromov-Hausdorff metric under deformations
of the ∗-automorphism β. More specifically we are interested in the following two central
questions:
Question 1. Suppose that B carries a densely defined semi-norm LB : VB → [0,∞) such
that (B,LB) becomes a compact quantum metric space. When can we ensure that the
crossed product C∗r (Z, B, β) becomes a compact quantum metric space for some ‘explicit
and natural’ semi-norm L involving the semi-norm LB?
Perhaps a comment pertaining to the adjectives ‘explicit’ and ‘natural’ is in order: Sim-
ilarly to the classical result that any separable compact Hausdorff space is metrizable,
one can also show that any separable unital C∗-algebra can be endowed with a compact
quantum metric space structure [Rie02]. But, as is the case in the classical situation,
this quantum metric structure is not necessarily particularly illuminating. For the case of
crossed products referred to in the above question, it would for example not reflect the
additional data coming from the fixed semi-norm on B and the automorphism β, so in this
way such an answer is not very interesting and we are seeking more naturally occurring
seminorms which capture the additional data available.
Provided that one obtains a satisfying answer to Question 1, the following problem arises:
Question 2. Suppose that one has a parametrized family of ∗-automorphisms {βt}t∈T
of the base algebra B and a way of turning the associated crossed product algebras
{C∗r (Z, B, βt)}t∈T into compact quantum metric spaces. Under which conditions on the
family {βt}t∈T do these vary continuously in the quantum Gromov-Hausdorff distance?
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Question 1 was previously investigated in [BMR10] and [HSWZ13]. The main focus
in these papers was on the situation where the semi-norm LB : VB → [0,∞) comes
from a unital spectral triple (B, H,D) by taking commutators, so that VB = B and
LB(b) := ‖[D, b]‖∞, for all b ∈ B. Moreover, most of the work is carried out under
the additional assumption of equicontinuity meaning that supn∈Z LB(β
n(b)) < ∞, for
all b ∈ B, implicitly saying here also that β(B) = B. This assumption is for example
satisfied when β is a Lip-isometry in the sense that LB(β(b)) = LB(b), for all b ∈ B. In the
equicontinuous setting it is possible to write down a semi-norm, which turns the crossed
product C∗r (Z, B, β) into a compact quantum metric space, and comes from a unital spec-
tral triple for the crossed product algebra. When leaving the equicontinuous setting, not
much seems to be known, but a general result was obtained in this direction by Bellissard,
Marcolli, and Reihani in [BMR10, Theorem 3], using ideas inspired and motivated by the
constructions of Connes and Moscovici for crossed products by groups of diffeomorphisms,
[CoMo95]. However, a serious drawback of the construction in [BMR10, Theorem 3] is
that one is forced to enlarge to a non-unital base algebra before performing the crossed
product construction, corresponding to the passage from a compact to a non-compact base
space. The methods developed in the present paper also apply beyond the equicontinuous
setting but are different from what has previously been considered, in so far that we do not
need to change the C∗-algebra and we may thus work directly with the crossed product
in question. In particular, contrary to what happens in [BMR10], we do not need to
pass to locally compact quantum metric spaces, which we consider to be an important
point since locally compact quantum metric spaces are known to display quite a different
behaviour than their compact counterparts, [Lat07, Lat13, MeRe16]. The price to pay,
however, is that our compact quantum metric spaces may not satisfy the Leibniz inequality.
Our first main result provides the following general answer to Question 1:
Theorem A (see Theorem 5.1). Let (B,LB) be a C
∗-algebraic compact quantum metric
space and suppose that the semi-norm LB is lower semi-continuous on its domain VB and
that β(VB) = VB. Let ||| · ||| : Cc(Z) → [0,∞) be a norm which is order preserving in the
sense that
∣∣∣∣∣∣h∣∣∣∣∣∣ 6 ∣∣∣∣∣∣k∣∣∣∣∣∣ whenever 0 6 h(n) 6 k(n) for all n ∈ Z. Then the semi-norm
L : Cc(Z, VB)→ [0,∞) defined by
L(x) := max
{∥∥∥∑
n
nx(n)Un
∥∥∥, ∣∣∣∣∣∣LB ◦ x∣∣∣∣∣∣, ∣∣∣∣∣∣LB ◦ x∗∣∣∣∣∣∣
}
provides the crossed product C∗r (Z, B, β) with the structure of a C
∗-algebraic compact quan-
tum metric space.
We consider it to be a rather striking feature of the above theorem that the only link
between the semi-norm LB : VB → [0,∞) and the ∗-automorphism β : B → B is that both
β and β−1 are required to preserve the domain VB, so that we do not need to link β to
LB by imposing extra continuity constraints. Remark in this respect that the domain VB
need not be complete with respect to the norm ‖ · ‖ + LB(·) so that one can not use the
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closed graph theorem to obtain automatic continuity results.
In the geometric setting, where the unital base C∗-algebra B is equipped with a uni-
tal spectral triple (B, H,D) and LB(b) := ‖[D, b]‖∞ we also provide a more geometric
construction of semi-norms relating more directly to the spectral geometry of the crossed
product. We emphasize that the following theorem, for instance, applies to the general
setting where M is a connected, compact, Riemannian manifold equipped with any diffeo-
morphism ψ : M → M . In this context, we may choose D : Dom(D) → L2(M,ΛT ∗M) to
be the closure of the Hodge-de Rham operator d+ d∗ and β : C(M)→ C(M) comes from
the diffeomorphism via Gelfand duality: β(f) := f ◦ ψ. The constants λ, µ > 1 appearing
in the theorem below then correspond to the operator norms of the exterior derivatives dψ
and dψ−1.
Theorem B (see Corollary 5.2). Suppose that (B, H,D) is a unital spectral triple of
parity p ∈ {even, odd}, which is also a spectral metric space in the sense that the semi-
norm LB(b) := ‖[D, b]‖∞ provides the C
∗-completion B with the structure of a compact
quantum metric space. Suppose, moreover, that β(B) = B and that there exist constants
λ, µ > 1 such that
sup
n∈N0
µ−n · LB(β
n(b)) <∞ and sup
n∈N0
λ−n · LB(β
−n(b)) <∞,
for all b ∈ B. Then there exist a ∗-derivation ∂1 and a twisted ∗-derivation ∂Γ, both defined
on Cc(Z,B), such that the semi-norm
LΓ(x) :=
 max
{
‖∂Γ(x) + i∂1(x)‖∞, ‖∂Γ(x)− i∂1(x)‖∞
}
for p odd
‖∂Γ(x) + (1⊗ γ)∂1(x)‖∞ for p even,
provides the crossed product C∗r (Z, B, β) with the structure of a compact quantum metric
space. Here, as usual, γ denotes the grading on H in the even case.
Theorem B contains a result of Bellissard, Marcolli, and Reihani as a special case
corresponding to the equicontinuous setting where one may choose λ = µ = 1, [BMR10,
Proposition 3]; see also [HSWZ13, Theorem 2.11]. In the general setting of Theorem B,
the candidate for a unital spectral triple provided by Bellissard, Marcolli, and Reihani,
does not have bounded commutators with the elements in the coordinate algebra Cc(Z,B),
and can therefore not be used to construct a reasonable seminorm on the crossed product
algebra. We resolve this problematic behaviour by “rescaling” the horizontal part of the
geometry using powers of the constants λ, µ > 1, and this rescaling procedure is in turn re-
sponsible for the twisting of the ∗-derivation ∂Γ. The rescaling procedure we consider here
is inspired by the modular techniques developed in [Kaa15] in relation to the unbounded
Kasparov product. In general it seems that only little is known on the structure of
noncommutative geometries arising from a pair of unbounded selfadjoint operators, where
one of them yields an ordinary derivation but the other one only yields a twisted deriva-
tion. The reader may, however, consult the paper [KRS12] where a similar structure is
encountered. For other interesting approaches to the noncommutative geometry of crossed
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products (and many other things) we refer to [PoWa18, IoMa16, GMR19] and of course
[CoMo95, CoMo08,Mos10]. These papers are not essential for the understanding of the
present text but the references are included to put the present paper into a broader context.
Regarding Question 2, as far as the authors are aware, not much is known if we disregard
the extensively studied noncommutative 2-tori, which can indeed be viewed as crossed
products by the integers. Notably, we have not even been able to find general results
regarding the convergence problem for Lip-isometric actions. Our next main result fills
this gap by providing an answer to Question 2 in the Lip-isometric case.
Theorem C (see Corollary 7.4). Assume that (B,LB) is a C
∗-algebraic compact quantum
metric space with LB lower semi-continuous on its domain VB, and that {βt}t∈T is a
family of ∗-automorphisms of B parametrized by a compact Hausdorff space T . Suppose
moreover that the map t 7→ βt(b) is continuous for all b ∈ B and that the ∗-automorphisms
βt : B → B satisfy βt(VB) = VB and are Lip-isometric in the sense that LB(βt(b)) = LB(b)
for all b ∈ VB and all t ∈ T . Then for any choice of order preserving norm |||·||| on Cc(Z),
the seminorm Lt provided by Theorem A turns C
∗
r (Z, B, βt) into a compact quantum metric
space and the family
{
(C∗r (Z, B, βt), Lt)
}
t∈T
varies continuously in the quantum Gromov-
Hausdorff distance.
In fact, in Theorem 7.2 we provide a general criterion for convergence in quan-
tum Gromov-Hausdorff distance which is formulated in terms of the fixed semi-norm
LB : VB → [0,∞) and the strongly continuous family of ∗-automorphisms β : T → Aut(B),
from which Theorem C can be derived as a corollary. This more general criterion builds
on a somewhat delicate blend of uniformity criteria studied by Rieffel [Rie04b] and Li
[Li06], which we develop in Section 6, and applies also beyond the Lip-isometric case. As
an illustration of this flexibility in our theory, we also obtain the following continuity result
for non-Lip-isometric actions on Riemannian manifolds:
Theorem D. Suppose that M is a connected, compact, Riemannian manifold and equip
C(M) with the densely defined, lower semi-continuous semi-norm LC(M) : C
∞(M) →
[0,∞) given by LC(M)(f) := supp∈M ‖df(p)‖∞, where d : C
∞(M) → Γ∞(T ∗M) denotes
the exterior derivative. Suppose, moreover, that ψ : T → Diff(M) is a family of diffeo-
morphisms of M , parametrized by a compact Hausdorff space T , which is continuous with
respect to the Whitney C1-topology, and that |||·||| : Cc(Z) → [0,∞) is an order preserving
norm. For each t ∈ T , define the ∗-automorphism of C(M) by βt(f) := f ◦ ψt and de-
note by Lt the densely defined semi-norm on C
∗
r (Z, B, βt) provided by Theorem A. Then{
(C∗r (Z, B, βt), Lt)
}
t∈T
is a family of compact quantum metric spaces which varies contin-
uously in the quantum Gromov-Hausdorff distance.
We emphasize that we are considering Rieffel’s original notion of quantum Gromov-
Hausdorff distance since our compact quantum metric spaces may not satisfy the Leibniz
inequality and therefore do not fit within Latre´molie`re’s framework, this is for example the
case for the Lip-norms arising in Theorem B for λ or µ > 1. However, as pointed out to
us by Latre´molie`re, one may enlarge the semi-norm so that it also controls the difference
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between the identity and the twists, thereby forcing it to satisfy a quasi-Leibniz inequality;
see e.g. [Lat17]. It seems to be an interesting problem to extend Latre´molie`re’s ideas
on quantum distances so that they can apply directly to the kind of compact quantum
metric spaces arising from the combinations of ∗-derivations and twisted ∗-derivations
considered in Theorem B. This kind of question does however lie beyond the scope of the
present text. It also remains an open problem to investigate convergence in the quantum
Gromov-Hausdorff distance with respect to the semi-norms described in Theorem B. This
seems to be a rather challenging task from an analytic perspective.
Let us end this introduction by saying a few words on the techniques that we apply
in order to prove our main theorems. Theorem A and B, concerning compact quantum
metric space structures on crossed products, are derived using a general method which is
due to Li, [Li05], relating to earlier results on ergodic actions by Rieffel, [Rie98, Rie04b].
The proofs of Theorem C and D, regarding convergence in the quantum Gromov-Hausdorff
distance, are inspired by ideas of Li on continuous fields of compact quantum metric spaces.
As already indicated above, our general criterion, Theorem 6.3, for convergence is related
to (but different from) Li’s uniform criterion for convergence, which can be found in [Li06].
In fact, we are in some sense mixing parts of Li’s uniform criterion with ideas of Rieffel
applied to finite dimensional compact quantum metric spaces in [Rie04b].
Acknowledgments. The authors gratefully acknowledge the financial support from the
Villum Foundation (grant no. 7423) and from the Independent Research Fund Denmark
(grant no. 7014-00145B and grant no. 9040-00107B). The authors would also like to thank
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2. Preliminaries on compact quantum metric spaces
Let A be a unital C∗-algebra and consider a complex vector subspace V ⊆ A with 1 ∈ V
and with ξ∗ ∈ V for all ξ ∈ V . We emphasize that V ⊆ A need not be dense in norm. The
real part of V is denoted by
V sa := {ξ ∈ V | ξ = ξ∗} ⊆ Asa.
The partial order 6 on Asa induces a partial order 6 on V sa and this partial order together
with the unit 1 ∈ V sa provides V sa with the structure of an order unit space, see [Kad51],
and the order unit norm agrees with the norm inherited from the C∗-algebra A. The state
space of V sa is defined by
S(V sa) := {µ : V sa → R | µ is R-linear and positive with µ(1) = 1}.
The state space is equipped with the weak ∗-topology (i.e. the topology of pointwise con-
vergence) and is a compact topological space with respect to this topology. We remark
that the theory of order unit spaces can be developed from an abstract point of view, but
in the applications we have in mind the order unit spaces will always be concrete in the
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sense that they are realised inside a specific unital C∗-algebra. Consider now a semi-norm
Lsa : V sa → [0,∞) with Lsa(1) = 0 and define the map ρLsa : S(V
sa)× S(V sa)→ [0,∞] by
ρLsa(µ, ν) := sup{|µ(ξ)− ν(ξ)| | ξ ∈ V
sa, Lsa(ξ) 6 1}.
The map ρLsa satisfies all the requirements of a metric on S(V
sa) except that we allow
ρLsa to take the value ∞. With the notation just introduced, we are now able to present
Rieffel’s definition of a non-commutative analogue of a compact metric space:
Definition 2.1. The pair (V sa, Lsa) is called an order unit compact quantum metric space
if Lsa(1) = 0 and ρLsa : S(V
sa)× S(V sa)→ [0,∞] metrizes the weak ∗-topology on S(V sa).
Note that since S(V sa) is weak ∗-compact and connected, it is implicitly contained
in the definition of an order unit compact quantum metric space that the metric ρLsa is
actually finite. It is usually part of the definition of an order unit compact quantum metric
space that Ker(Lsa) = R1, see for example [Rie04b, Definition 2.2]. We now argue that
it suffices to assume that R1 ⊆ Ker(Lsa), which is indeed part of our assumptions on an
order unit compact quantum metric space.
Lemma 2.2. Suppose that (V sa, Lsa) is an order unit compact quantum metric space, then
Ker(Lsa) = R1.
Proof. Since Lsa(1) = 0 by assumption we have that R1 ⊆ Ker(Lsa). Suppose now, for
contradiction, that (V sa, Lsa) is a compact quantum metric space and that we have an
element x ∈ Ker(Lsa) ⊆ V sa with x /∈ R1. Since the state space S(V sa) is compact in the
weak ∗-topology we must have that the metric ρLsa : S(V
sa)× S(V sa)→ [0,∞] is bounded
so that there exists a d ∈ [0,∞) with ρLsa(µ, ν) 6 d for all µ, ν ∈ S(V
sa). But since
x /∈ C1 (because x = x∗ and x /∈ R1) we can find two states µ0, ν0 : A → C such that
µ0(x) 6= ν0(x), see [KaRi97, Theorem 4.3.4(i)]. This implies that ρLsa(µ0|V sa , ν0|V sa) =∞
which contradicts the inequality ρLsa(µ0|V sa , ν0|V sa) 6 d. 
We remark that the above proof only uses the assumption that the metric ρLsa : S(V
sa)×
S(V sa)→ [0,∞] is bounded.
Definition 2.3. Suppose that (V sa, Lsa) is an order unit compact quantum metric space.
We define the radius of (V sa, Lsa) as the radius of the state space S(V sa) with respect to
the metric ρLsa . To wit, this is the quantity
1
2
sup
{
ρLsa(µ, ν) | µ, ν ∈ S(V
sa)
}
.
The next result can be found as [Rie99, Proposition 2.2].
Proposition 2.4. Let r > 0 and suppose that Ker(Lsa) = R1. The following conditions
are equivalent:
(1) ρLsa(µ, ν) 6 2r for all µ, ν ∈ S(V
sa);
(2) infλ∈R ‖ξ + λ1‖ 6 r · L
sa(ξ) for all ξ ∈ V sa.
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Suppose now that Lsa : V sa → [0,∞) is the restriction of a semi-norm L : V → C satis-
fying that L(ξ) = L(ξ∗) for all ξ ∈ V . Suppose moreover that V ⊆ A is dense in C∗-norm.
We define a map ρL : S(A)× S(A)→ [0,∞] on the state space S(A) of A by
ρL(µ, ν) := sup{|µ(ξ)− ν(ξ)| | ξ ∈ V, L(ξ) 6 1}.
As above, ρL satisfies all the requirements of a metric except that ρL may take the value
∞. Since the involution is an isometry for the semi-norm L : V → [0,∞) we have that
ρL(µ, ν) = sup{|µ(ξ)− ν(ξ)| | ξ ∈ V
sa, L(ξ) 6 1} = ρLsa(µ|V sa , ν|V sa).
Indeed, for ξ ∈ V with L(ξ) 6 1 and for µ, ν ∈ S(A), choose a λ ∈ S1 such that λ · (µ(ξ)−
ν(ξ)) ∈ R. Then it holds that Re(λ · ξ) = (λ · ξ + λ · ξ∗)/2 ∈ V sa, that L(Re(λξ)) 6 1 and
that
|µ(Re(λ · ξ))− ν(Re(λ · ξ))| = |µ(λ · ξ)− ν(λ · ξ)| = |µ(ξ)− ν(ξ)|.
The next definition coincides with Li’s definition of a C∗-algebraic compact quantum
metric space, see for example [Li09, Definition 2.3].
Definition 2.5. Suppose that L(ξ) = L(ξ∗) for all ξ ∈ V , that L(1) = 0, and that the
∗-invariant unital subspace V ⊆ A is dense in C∗-norm. We then say that the pair (A,L)
is a compact quantum metric space when the metric ρL metrizes the weak ∗-topology on
S(A).
Notice that the proof of Lemma 2.2 can be adapted to the complex setting showing that
if (A,L) is a compact quantum metric space, then Ker(L) = C1. We denote the quotient
map by q : A→ A/C1 and the quotient norm by ‖ · ‖A/C1 : A/C1→ [0,∞). We apply the
same notation for the quotient map on the selfadjoint part q : Asa → Asa/R1 and on this
quotient space we have the quotient norm ‖ · ‖Asa/R1. For each R > 0, we define
BR(L) := {ξ ∈ V | L(ξ) 6 R},
BR(L
sa) := BR(L) ∩ A
sa := {ξ ∈ V sa | Lsa(ξ) 6 R}.
(2.1)
Before stating the next result, we remind the reader that a subset of a metric space is said
to be totally bounded if it can be covered by finitely many ε-balls for any ε > 0, and that
this notion is equivalent with having compact closure when the ambient metric space is
complete.
Lemma 2.6. If q(B1(L)) ⊆ A/C1 is totally bounded with respect to the quotient norm
‖ · ‖A/C1 : A/C1→ [0,∞), then Ker(L) = C1. A similar result holds with L replaced by L
sa
and C1 replaced by R1.
Proof. We only give the proof in the complex case, the real case being similar. Since
L(1) = 0 by assumption we have that C1 ⊆ Ker(L). We now proceed by contraposition.
So suppose that x ∈ Ker(L) and that x /∈ C1. Then we have an isometry ι : C→ q(B1(L))
defined by ι(λ) = λ · q(x)/‖q(x)‖A/C1 for all λ ∈ C. This implies that q(B1(L)) is not
totally bounded. 
Using Lemma 2.2 and Lemma 2.6, we may now quote the following result from [Rie98,
Theorem 1.8]:
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Theorem 2.7. Suppose that L(ξ) = L(ξ∗) for all ξ ∈ V , that L(1) = 0 and that the
∗-invariant unital complex subspace V ⊆ A is dense in C∗-norm. Then the following
statements are equivalent:
(1) (A,L) is a compact quantum metric space;
(2) (V sa, Lsa) is an order unit compact quantum metric space;
(3) q(B1(L)) ⊆ A/C1 is totally bounded with respect to the quotient norm ‖ · ‖A/C1;
(4) q(B1(L
sa)) ⊆ Asa/R1 is totally bounded with respect to the quotient norm ‖ ·‖Asa/R1.
In what follows we will almost always, and often without reference, be using the criteria
(2) and (3) when arguing that something is a compact quantum metric space.
3. Quantum Gromov-Hausdorff distance
In this section, we recall Rieffel’s and Li’s notions of distance between order unit compact
quantum metric spaces introduced in [Rie04b] and [Li06], respectively. Both notions build
on the following classical notion of Hausdorff distance:
Definition 3.1. For a (not necessarily compact) metric space (Z, ρ) and two totally
bounded subsets X, Y ⊆ Z, the Hausdorff distance distρH(X, Y ) ∈ [0,∞) is defined by
distρH(X, Y ) := inf
{
r > 0 | ρ(x, Y ) 6 r, ∀x ∈ X and ρ(y,X) 6 r, ∀y ∈ Y
}
.
Let (V sa1 , L
sa
1 ) and (V
sa
2 , L
sa
2 ) be order unit compact quantum metric spaces. We denote
the corresponding unital complex vector subspaces by V1 ⊆ A1 and V2 ⊆ A2 (so A1 and A2
are unital C∗-algebras). The direct sum V sa1 ⊕V
sa
2 is then again an order unit space, arising
as the real part of the complex vector subspace V1 ⊕ V2 ⊆ A1 ⊕ A2. Using the projections
πj : V
sa
1 ⊕ V
sa
2 → V
sa
j for j = 1, 2 we may consider the state spaces S(V
sa
j ) as compact
subsets of the state space S(V sa1 ⊕ V
sa
2 ) and therefore, for any metric ρ on S(V
sa
1 ⊕ V
sa
2 ),
which metrizes the weak ∗-topology, we have the Hausdorff distance
distρH
(
S(V sa1 ), S(V
sa
2 )
)
∈ [0,∞).
Definition 3.2. We say that a semi-norm Lsa : V sa1 ⊕V
sa
2 → [0,∞) with L
sa(1A1⊕1A2) = 0
is admissible when
(1) (V sa1 ⊕ V
sa
2 , L
sa) is an order unit compact quantum metric space;
(2) Lsa1 : V
sa
1 → [0,∞) and L
sa
2 : V
sa
2 → [0,∞) are the quotient semi-norms of L
sa with
respect to the surjections π1 : V
sa
1 ⊕V
sa
2 → V
sa
1 and π2 : V
sa
1 ⊕V
sa
2 → V
sa
2 , respectively.
The following definition is taken from [Rie04b, Definition 4.2]:
Definition 3.3. The quantum Gromov-Hausdorff distance between the order unit compact
quantum metric spaces (V sa1 , L
sa
1 ) and (V
sa
2 , L
sa
2 ) is the quantity
distq(V
sa
1 , V
sa
2 ) := inf
{
distρLsaH
(
S(V sa1 ), S(V
sa
2 )
)
| Lsa is an admissible semi-norm
}
.
When (A1, L1) and (A2, L2) are C
∗-algebraic compact quantum metric spaces (as in Defi-
nition 2.5), we define their quantum Gromov-Hausdorff distance by
distq((A1, L1), (A2, L2)) := distq(V
sa
1 , V
sa
2 ).
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We denote, for j = 1, 2, the order unit norm on V saj by ‖ · ‖j : V
sa
j → [0,∞) and we
denote the radius by rj > 0. Following Li [Li06], we introduce the notation
DR(V
sa
j ) :=
{
ξ ∈ V saj | L
sa
j (ξ) 6 1 and ‖ξ‖j 6 R
}
, R > 0. (3.1)
We remark that these subsets are totally bounded in the topology coming from the norm
‖ · ‖j as a consequence of Theorem 2.7. The following definition is taken from [Li06,
Definition 4.2]:
Definition 3.4. For R > r1, r2 > 0, the R-order unit quantum Gromov-Hausdorff distance
between the order unit compact quantum metric spaces (V sa1 , L
sa
1 ) and (V
sa
2 , L
sa
2 ) is defined
by
distRoq(V
sa
1 , V
sa
2 )
:= inf
{
max
{
dist
ρ‖·‖
H
(
ι1(DR(V
sa
1 )), ι2(DR(V
sa
2 ))
)
, R · ‖ι1(1A1)− ι2(1A2)‖
}}
,
where the infimum is taken over all triples (ι1, ι2,W ), where W is a normed real vector
space and ι1 : V
sa
1 → W and ι2 : V
sa
2 → W are isometric R-linear maps. The notation ρ‖·‖
refers to the metric on W coming from the norm ‖ · ‖ on W .
We quote the following result from [Li06, Proposition 4.8 and Proposition 4.10]:
Proposition 3.5. For every R > r1, r2 > 0, we have the inequalities
1
2
· distRoq(V
sa
1 , V
sa
2 ) 6 distq(V
sa
1 , V
sa
2 ) 6 3 · dist
R
oq(V
sa
1 , V
sa
2 ).
Thus, for families of compact quantum metric spaces with an upper bound R on their
radii, one may prove continuity in distq by proving it in dist
R
oq instead, and we will imple-
ment this strategy in Section 6.
4. Semi-norms and non-isometric actions
In this section we aim to construct various semi-norms on algebras arising as crossed
products with the integers. Later on, in Section 5 we provide conditions ensuring that these
semi-norms give rise to compact quantum metric spaces. For actions satisfying a suitable
isometry criterion this was already studied in [BMR10] (see section 4.1 for more details),
but many naturally occurring actions do not fall into the class covered in [BMR10], and
we will show below how to remedy this problem. Throughout this section we consider
a unital C∗-algebra B equipped with a ∗-automorphism β : B → B. Let VB ⊆ B be a
norm-dense complex subspace with 1 ∈ VB and assume that ξ
∗ ∈ VB for all ξ ∈ VB. We
fix a semi-norm LB : VB → [0,∞) with LB(1) = 0 and with LB(ξ) = LB(ξ
∗) for all ξ ∈ VB,
and assume that the ∗-automorphism β : B → B and its inverse β−1 : B → B preserve the
subspace VB so that
β(VB) = VB = β
−1(VB).
We emphasize that β : VB → VB is not assumed to be isometric with respect to the
semi-norm LB : VB → [0,∞). In fact, we do not even assume that β : VB → VB is bounded
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with respect to LB.
Consider now the reduced crossed product A := C∗r (Z, B) := B⋊rZ, which we represent
on the Hilbert C∗-module ℓ2(Z)⊗̂B over B via the left regular representation
λ : C∗r (Z, B) −→ L
(
ℓ2(Z)⊗̂B
)
,
where L
(
ℓ2(Z)⊗̂B
)
denotes the unital C∗-algebra of bounded adjointable operators on
the Hilbert C∗-module ℓ2(Z)⊗̂B. We recall here that ℓ2(Z)⊗̂B agrees with the standard
Hilbert C∗-module over the C∗-algebra B as described in details in [Lan95, Chapter 1].
The left regular representation is the injective ∗-homomorphism given by
λ(b)(em ⊗ c) := em ⊗ β
−m(b) · c and λ(U)(em ⊗ c) := em+1 ⊗ c
for all b, c ∈ B and m ∈ Z, where the sequence {em}m∈Z denotes the standard orthonormal
basis of the Hilbert space ℓ2(Z). Notice that the relation λ(U)λ(b)λ(U∗) = λ(β(b)) holds for
all b ∈ B. We will often identify C∗r (Z, B) with the image λ(C
∗
r (Z, B)) ⊆ L(ℓ
2(Z)⊗̂B). We
are primarily interested in the reduced crossed product in contrast to the maximal crossed
product since one of our main motivations is to understand the spectral geometry of crossed
products in the context of spectral triples (equipped with a faithful representation).
We now define the dense subspace
VA := Cc(Z, VB) ⊆ A = C
∗
r (Z, B)
as the smallest subspace of the reduced crossed product containing the vectors ξ ·Un for all
ξ ∈ VB and all n ∈ Z. Remark that the unit 1 ∈ A belongs to VA and that VA is invariant
under the involution on A = C∗r (Z, B). Indeed, for ξ ∈ VB and n ∈ Z we have that
(ξ · Un)∗ = β−n(ξ∗) · U−n ∈ VA
by our standing assumptions. Denote by ι : B → C∗r (Z, B) the unital ∗-homomorphism
given by ι(b) = λ(b). In order to introduce many interesting semi-norms on VA we make
the following:
Definition 4.1. We say that a norm |||·||| : Cc(Z)→ [0,∞) is order preserving when∣∣∣∣∣∣h∣∣∣∣∣∣ 6 ∣∣∣∣∣∣k∣∣∣∣∣∣,
whenever 0 6 h(n) 6 k(n) for all n ∈ Z.
For each n ∈ Z we let en ∈ Cc(Z) denote the compactly supported function which is 1
at n ∈ Z and 0 everywhere else.
For the remainder of this section we fix an order preserving norm |||·||| : Cc(Z)→ [0,∞),
and, for convenience, we moreover assume that |||·||| is normalized such that |||e0||| = 1. We
aim to study the two semi-norms L1 and L2 : VA → [0,∞) defined by
L1(η) :=
∥∥ ∞∑
n=−∞
n · η(n)Un
∥∥ and
L2(η) := max
{
|||LB ◦ η|||, |||LB ◦ η
∗|||
}
,
(4.1)
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where the sum appearing is in fact finite and where the involution comes from the involution
in C∗r (Z, B). We remark that Lj(η) = Lj(η
∗) and Lj(1) = 0 for j = 1, 2 and all η ∈ VA. Let
τ0 : C
∗
r (Z, B)→ B denote the conditional expectation given by τ0(x) := 〈e0⊗1B, λ(x)(e0⊗
1B)〉 for all x ∈ C
∗
r (Z, B) and for each n ∈ Z we define τn : C
∗
r (Z, B) → B by τn(x) :=
τ0(x · U
n). Remark that for η ∈ VA and n ∈ Z we have that
η(n) = τ−n(η) and η
∗(n) = βn
(
η(−n)∗
)
= τ−n(η
∗).
In particular, it holds that
L2(η) = max
{∣∣∣∣∣∣ ∞∑
n=−∞
LB(τ−n(η))en
∣∣∣∣∣∣, ∣∣∣∣∣∣ ∞∑
n=−∞
LB(τ−n(η
∗))en
∣∣∣∣∣∣}
= max
{
sup
N∈N
∣∣∣∣∣∣ N∑
n=−N
LB(τ−n(η))en
∣∣∣∣∣∣, sup
N∈N
∣∣∣∣∣∣ N∑
n=−N
LB(τ−n(η
∗))en
∣∣∣∣∣∣},
where the last equality follows since the norm |||·||| is assumed to be order preserving.
Lemma 4.2. The semi-norm L2 : VA → [0,∞) is lower semi-continuous if and only if the
semi-norm LB : VB → [0,∞) is lower semi-continuous.
Proof. Notice first that our normalization condition |||e0||| = 1 entails that LB =
L2 ◦ ι : VB → [0,∞) so that lower semi-continuity of L2 : VA → [0,∞) implies lower
semi-continuity of LB : VB → [0,∞). Suppose now that LB : VB → [0,∞) is lower
semi-continuous. For each n ∈ Z, define the functions gn and hn : VA → [0,∞) by
gn(η) := LB(τ−n(η)) and hn(η) := LB(τ−n(η
∗)) for all η ∈ VA. Then gn and hn are lower
semi-continuous since τ−n and τ−n ◦∗ : C
∗
r (Z, B)→ B are continuous and LB : VB → [0,∞)
is lower semi-continuous by assumption. This shows that L2 : VA → [0,∞) is lower semi-
continuous as well since
L2(η) = max
{
sup
N∈N
∣∣∣∣∣∣ N∑
n=−N
gn(η)en
∣∣∣∣∣∣, sup
N∈N
∣∣∣∣∣∣ N∑
n=−N
hn(η)en
∣∣∣∣∣∣}
for all η ∈ VA. 
For each z ∈ T, we have the unitary operator Vz : ℓ
2(Z)⊗̂B → ℓ2(Z)⊗̂B defined by
Vz(em⊗ b) := z
m ·em⊗ b for all b ∈ B and m ∈ Z. This unitary operator induces a strongly
continuous action of the circle α : T× C∗r (Z, B)→ C
∗
r (Z, B) given by
αz(x) := VzxV
∗
z for all x ∈ C
∗
r (Z, B) and z ∈ T, (4.2)
and which is referred to as the dual action. We remark that
αz(b · U
n) = zn · b · Un (4.3)
for all b ∈ B, z ∈ T and n ∈ Z.
The arc length on the compact group T yields a length function l : T→ [0,∞) given by
l(exp(it)) := |t| for all t ∈ [−π, π]. (4.4)
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This length function in combination with the dual action give rise to a semi-norm Ll : VA →
[0,∞) defined by
Ll(η) := sup
{
‖αz(η)− η‖
l(z)
∣∣∣ z ∈ T \ {1}}
for all η ∈ VA, see for example [Rie98]. Clearly, the semi-norm Ll : VA → [0,∞) is lower
semi-continuous. The next result is well-known, but for completeness we provide the short
proof here:
Lemma 4.3. The two semi-norms L1 and Ll : VA → [0,∞) agree. In particular, L1 : VA →
[0,∞) is lower semi-continuous.
Proof. Let η =
∑∞
n=−∞ ξnU
n ∈ VA be given. The map R → A given by t 7→ αexp(it)(η) is
smooth and the derivative at 0 ∈ R is given by
∂(η) := lim
t→0
αexp(it)(η)− η
t
= i ·
∞∑
n=−∞
nξnU
n.
It therefore holds that L1(η) = ‖
∑∞
n=−∞ nξnU
n‖ = ‖∂(η)‖ and we moreover obtain the
estimate
L1(η) =
∥∥∥ lim
t→0
αexp(it)(η)− η
t
∥∥∥ 6 sup
t∈R\{0}
‖αexp(it)(η)− η‖
|t|
= Ll(η).
To obtain the reverse inequality, we note that the derivative of the map t 7→ αexp(it)(η) at
any t0 ∈ R is given by αexp(it0)(∂(η)). This implies that
‖αexp(it)(η)− η‖
|t|
=
1
|t|
∥∥∥ ∫ t
0
αexp(is)(∂(η))ds
∥∥∥ 6 ‖∂(η)‖ = L1(η)
for all t ∈ R \ {0} and thus that Ll(η) 6 L1(η). 
4.1. Twisted derivations on crossed products. For the remainder of this section, we
discuss some alternative densely defined semi-norms on C∗r (Z, B) which are more tightly
related to the noncommutative geometric structure of this reduced crossed product. These
semi-norms generalize the semi-norms introduced in [BMR10] for equicontinuous actions
in so far that our conditions on the ∗-automorphism β : B → B are considerably more
relaxed. This increased degree of flexibility has the advantage of capturing examples
occurring naturally in Riemannian geometry. We will elaborate on this in Example 4.5,
Remark 5.3 and Section 8, but before doing so we treat the abstract theory in detail.
Some of the constructions appearing here are inspired by the modular techniques from
[Kaa15].
Suppose that D : Dom(D) → H is an unbounded selfadjoint operator acting on the
Hilbert space H and that our unital C∗-algebra B is represented in a faithful and uni-
tal way on H via a ∗-homomorphism π : B → L(H). We assume that B ⊆ B is a
dense unital ∗-subalgebra of B such that π(b)(Dom(D)) ⊆ Dom(D) and the commutator
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[D, π(b)] : Dom(D) → H extends to a bounded operator d(b) : H → H for all b ∈ B. In
particular, we have the semi-norm
LD : B → [0,∞) LD(b) := ‖[D, π(b)]‖ = ‖d(b)‖.
These conditions are satisfied when (B, H,D) is a unital spectral triple, but we need not
require that the resolvent (i+D)−1 : H → H be compact. The next definition is a slightly
modified version of [BMR10, Definition 2 & 3], see also [BMR10, Lemma 2]:
Definition 4.4. We say that β ∈ Aut(B) with β(B) = B is quasi-isometric when there
exist constants λ, µ > 1 such that
sup
n∈N0
µ−n · ‖d(βn(b))‖∞ <∞ and sup
n∈N0
λ−n · ‖d(β−n(b))‖∞ <∞
for all b ∈ B. We refer to such λ, µ > 1 as quasi-isometry constants. We say that β is
equicontinuous when
sup
n∈Z
‖d(βn(b))‖∞ <∞ for all b ∈ B.
We remark that the above definition could be extended to the more general context of
semi-norms that do not necessarily arise from a spectral triple. Our primary example of
a quasi-isometric action here below is contained within the framework of spectral triples
and we shall therefore not comment any further on the more general context.
Example 4.5. In this example we show how quasi-isometric actions arise naturally in dif-
ferential geometry. To this end, let M be a compact Riemannian manifold, E → M
be a complex hermitian vector bundle and D : Γ∞(M,E) → L2(M,E) be a first order,
symmetric and elliptic differential operator. Let moreover ψ : M → M be a diffeomor-
phism. With D : Dom(D) → L2(M,E) denoting the closure of D we obtain a spectral
triple (C∞(M), L2(M,E), D) and the corresponding semi-norm LD : C
∞(M) → [0,∞)
can be computed in terms of the principal symbol σD : T
∗M → End(E), see for example
[HiRo00, Chapter 10]. Indeed, suppressing the action of both C(M) and the action of the
continuous sections of End(E) on L2(M,E) we have the relation
[D, f ] = σD(df) for all f ∈ C
∞(M),
where d : C∞(M) → Γ∞(M,T ∗M) denotes the exterior derivative. Associated to ψ and
ψ−1 we have the exterior derivatives dψ : TM → ψ∗TM and dψ−1 : TM → (ψ−1)∗TM ; in
particular, we have the operator norms
‖dψ‖ := sup
p∈M
‖dψ(p)‖L(TpM,Tψ(p)M) ‖dψ
−1‖ := sup
p∈M
‖dψ−1(p)‖L(TpM,Tψ−1(p)M)
It can then be verified that the ∗-automorphism β : C(M)→ C(M) defined by β(f) := f◦ψ
is quasi-isometric using the quasi-isometry constants
λ := max{1, ‖dψ−1‖} and µ := max{1, ‖dψ‖}.
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We now return to the general setting and fix, for the rest of this section, a β ∈ Aut(B)
with β(B) = B. We may lift the unbounded selfadjoint operator D to an unbounded
selfadjoint operator diag(D) : Dom(diag(D))→ ℓ2(Z)⊗̂H defined by
diag(D)
( ∞∑
m=−∞
em ⊗ ξm
)
:=
∞∑
m=−∞
em ⊗D(ξm)
for all vectors in the domain Dom(diag(D)), which is defined by
Dom(diag(D)) :=
{ ∞∑
m=−∞
em ⊗ ξm ∈ ℓ
2(Z)⊗̂H | ξm ∈ Dom(D),
∞∑
m=−∞
‖D(ξm)‖
2 <∞
}
.
We remark that the compactly supported sequences in Dom(D), i.e. the subspace
Cc(Z,Dom(D)) ⊆ ℓ
2(Z)⊗̂H , form a core for diag(D). We may also use the faithful unital
representation π : B → L(H) to obtain a left regular representation of the reduced crossed
product λπ : C
∗
r (Z, B)→ L(ℓ
2(Z)⊗̂H) given by
λπ(b)(em ⊗ ξ) := em ⊗ π(β
−m(b))(ξ) and λπ(U)(em ⊗ ξ) := em+1 ⊗ ξ.
We sometimes suppress the left regular representation λπ from the notation. It would
be natural to use the commutator with diag(D) and the representation λπ to define a
derivation on the unital ∗-algebra A := Cc(Z,B). However a simple computation reveals
that
[diag(D), λπ(b)](em ⊗ ξ) = em ⊗ d(β
−m(b))(ξ)
for all m ∈ Z, ξ ∈ Dom(D) and b ∈ B. In particular, the commutator [diag(D), λπ(b)] ex-
tends to a bounded operator if and only if the ∗-automorphism β : B → B is equicontinuous,
in the sense of Definition 4.4. Let us now instead only assume that the ∗-automorphism
β : B → B is quasi-isometric with respect to the derivation d : B → L(H) and fix the
quasi-isometry constants λ, µ > 1 as in Definition 4.4. We may then control the un-
bounded behaviour of the commutator [diag(D), λπ(b)] : Cc(Z,Dom(D)) → ℓ
2(Z)⊗̂H by
introducing a modular operator:
Definition 4.6. In the setting above we define the modular operator Γ: ℓ2(Z)⊗̂H →
ℓ2(Z)⊗̂H by the formula Γ(em⊗ ξ) := em⊗κ(m) · ξ, where the constants κ(m) ∈ (0, 1] are
given by
κ(m) :=
{
λ−m for m > 0
µm for m < 0
.
Since λ, µ > 1, the modular operator is bounded and strictly positive and the inverse
Γ−1 : Im(Γ) → ℓ2(Z)⊗̂H has the explicit description Γ−1(em ⊗ ξ) := em ⊗ κ(m)
−1ξ on the
invariant core Cc(Z, H) ⊆ Im(Γ) = Dom(Γ
−1). When λ or µ is different from 1, we have
that Γ−1 is an unbounded positive and selfadjoint operator. We apply the modular operator
Γ to “rescale” the unbounded selfadjoint operator diag(D) and consider the modular lift
DΓ := diag(D)Γ: Dom(DΓ)→ ℓ
2(Z)⊗̂H defined by
DΓ
( ∞∑
m=−∞
em ⊗ ξm
)
:=
∞∑
m=−∞
em ⊗ κ(m) ·D(ξm),
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on the domain given by
Dom(DΓ) :=
{ ∞∑
m=−∞
em ⊗ ξm | ξm ∈ Dom(D),
∞∑
m=−∞
em ⊗ κ(m) ·D(ξm) ∈ ℓ
2(Z)⊗̂H
}
,
see [Kaa15, Section 5]. The modular lift DΓ is again an unbounded selfadjoint operator on
ℓ2(Z)⊗̂H and it has Cc(Z,Dom(D)) ⊆ ℓ
2(Z)⊗̂H as a core. It turns out that the modular
lift also does not have a well-behaved commutator with the elements in the unital ∗-algebra
A = Cc(Z,B), but that one may instead twist the commutator by a couple of modular
representations and in this way obtain a twisted derivation ∂Γ : A → L(ℓ
2(Z)⊗̂H). We
now explain how this works.
Lemma 4.7. Let x ∈ A = Cc(Z,B). Then the densely defined operator
Γ1/2λπ(x)Γ
−1/2 : Im(Γ1/2)→ ℓ2(Z)⊗̂H
extends to a bounded operator, which we denote by σ1/2(x) : ℓ2(Z)⊗̂H → ℓ2(Z)⊗̂H.
Proof. It suffices to consider the cases where x = U , x = U∗ or x = b for some b ∈ B. The
case where x = b is a triviality and here we obtain that σ1/2(b) = λπ(b). So we focus on
the situation where x = U or x = U∗. Let P : ℓ2(Z)⊗̂H → ℓ2(Z)⊗̂H denote the orthogonal
projection with image ℓ2(N0)⊗̂H ⊆ ℓ
2(Z)⊗̂H . For each ξ ∈ H and m ∈ Z, we compute
that
Γ1/2λπ(U)Γ
−1/2(em ⊗ ξ) = Γ
1/2λπ(U)λ
m/2P (em ⊗ ξ) + Γ
1/2λπ(U)µ
−m/2(1− P )(em ⊗ ξ)
= λ−1/2 · λπ(U)P (em ⊗ ξ) + µ
1/2 · λπ(U)(1− P )(em ⊗ ξ).
Since the subspace Cc(Z, H) is a core for Γ
−1/2 this implies that σ1/2(U) = λ−1/2λπ(U)P +
µ1/2λπ(U)(1−P ). A similar computation shows that σ
1/2(U∗) = λ1/2Pλπ(U
∗) +µ−1/2(1−
P )λπ(U
∗). This proves the lemma. 
We define the algebra homomorphism σ1/2 : A → L(ℓ2(Z)⊗̂H) using the above lemma,
and the algebra homomorphism σ−1/2 : A → L(H⊗̂ℓ2(Z)) by putting σ−1/2(x) := σ1/2(x∗)∗
for all x ∈ A . We refer to these two algebra representations as themodular representations.
Lemma 4.8. Suppose that the ∗-automorphism β : B → B is quasi-isometric and let
x ∈ A = Cc(Z,B). Then σ
−1/2(x) preserves the core Cc(Z,Dom(D)) for the modular lift
DΓ, and the twisted commutator
DΓσ
−1/2(x)− σ1/2(x)DΓ : Cc(Z,Dom(D))→ ℓ
2(Z)⊗̂H
extends to a bounded operator, which we denote by ∂Γ(x) : ℓ
2(Z)⊗̂H → ℓ2(Z)⊗̂H.
Proof. We may assume that x = bUn for some b ∈ B and n ∈ Z. It is clear that
σ−1/2(x) preserves the core Cc(Z,Dom(D)), indeed for each η ∈ Cc(Z,Dom(D)) we have
that σ−1/2(x)(η) = Γ−1/2xΓ1/2(η). On the core, we moreover compute that(
DΓσ
−1/2(x)− σ1/2(x)DΓ
)
(η) = Γ1/2[diag(D), λπ(x)]Γ
1/2(η)
= Γ1/2[diag(D), λπ(b)]Γ
1/2σ−1/2(Un)(η).
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It thus suffices to show that the diagonal operator Γ1/2[diag(D), λπ(b)]Γ
1/2 : Cc(Z,Dom(D))→
ℓ2(Z)⊗̂H extends to a bounded operator on ℓ2(Z)⊗̂H . Now, for each ξ ∈ Dom(D) and
m ∈ Z, we have that
Γ1/2[diag(D), λπ(b)]Γ
1/2(em ⊗ ξ) = em ⊗ κ(m)d(β
−m(b))(ξ),
and the assumption that β : B → B is quasi-isometric (with respect to the quasi-isometry
constants λ, µ > 1) implies that supm∈Z ‖κ(m)d(β
−m(b))‖∞ <∞. This indeed shows that
the diagonal operator
Γ1/2[diag(D), λπ(b)]Γ
1/2 : Cc(Z,Dom(D))→ ℓ
2(Z)⊗̂H
extends to a bounded operator and the lemma is proved. 
The linear map ∂Γ : A → L(ℓ
2(Z)⊗̂H) is a twisted ∗-derivation meaning that
∂Γ(xy) = σ
1/2(x)∂Γ(y) + ∂Γ(x)σ
−1/2(y) and ∂Γ(x
∗) = −∂Γ(x)
∗ (4.5)
for all x, y ∈ A . As in the proof of Lemma 4.3, we also have the ∗-derivation −i∂ : A → A
defined by −i∂(x)(n) = n · x(n), which is tightly related to the dual action on the reduced
crossed product C∗r (Z, B). Combining these two derivations we obtain an interesting semi-
norm LΓ : A → [0,∞) defined by
LΓ(x) := max{‖∂Γ(x) + ∂(x)‖∞, ‖∂Γ(x)− ∂(x)‖∞} (4.6)
for all x ∈ A .
In the case where (B, H,D) is a unital spectral triple and the ∗-automorphism β : B → B
is equicontinuous, we may choose λ = µ = 1 so that Γ = id : ℓ2(Z)⊗̂H → ℓ2(Z)⊗̂H .
The semi-norm LΓ = Lid then coincides exactly with the semi-norm investigated in
[BMR10, Section 3] and can be seen to arise from a unital spectral triple over the reduced
crossed product C∗r (Z, B), see also [HSWZ13, Pat14]. In the more general setting
where the ∗-automorphism β : B → B is only quasi-isometric we still have the semi-norm
LΓ : A → [0,∞) and we shall relate it to metrics on the state space of C
∗
r (Z, B) in Section
5. In the general context, we note that there is no reason to expect that the semi-norm
LΓ comes from a (twisted) spectral triple, since the operation ∂Γ is a twisted derivation
whereas the operation ∂ is a (non-twisted) derivation.
We end this section by remarking that, if the Hilbert space H carries a Z/2Z-grading
operator γ : H → H such that π(b) is even for all b ∈ B and D : Dom(D) → H is odd,
then the semi-norm LΓ should be modified accordingly and be replaced by
LΓ(x) := ‖∂Γ(x)− i(1⊗ γ)∂(x)‖∞ (4.7)
for all x ∈ A . This is due to the different structure of the (unbounded) Kasparov product in
the cases KK1(C
∗
r (Z, B), B)×K
1(B)→ K0(C∗r (Z, B)) and KK1(C
∗
r (Z, B), B)×K
0(B)→
K1(C∗r (Z, B)), which is indeed serving as a guideline for the constructions carried out in
the present section.
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5. Compact quantum metric space structures on crossed products
We now return to the general setting described in the beginning of Section 4. We
thus consider a unital C∗-algebra B with a fixed norm-dense, unital ∗-invariant subspace
VB ⊆ B, a ∗-automorphism β : B → B with β(VB) = VB and a ∗-invariant semi-norm
LB : VB → [0,∞) satisfying that LB(1) = 0. We moreover fix an order preserving norm
|||·||| : Cc(Z) → [0,∞) which we normalize so that |||e0||| = 1; see Definition 4.1. We are
going to investigate the semi-norm
LA := max{L1, L2} : VA → [0,∞),
where we recall that VA = Cc(Z, VB) is a norm-dense complex vector subspace of the
reduced crossed product A = C∗r (Z, B). The individual semi-norms L1 and L2 : VA →
[0,∞) are given by the explicit formulae in (4.1). Our first main result is the following:
Theorem 5.1. Suppose that the densely defined semi-norm LB : VB → [0,∞) is lower
semi-continuous and that (B,LB) is a compact quantum metric space (in the sense of
Definition 2.5). Suppose moreover that the ∗-automorphism β : B → B satisfies that
β(VB) = VB. Then the semi-norm LA : VA → [0,∞) is lower semi-continuous and
(C∗r (Z, B), LA) is a compact quantum metric space. Moreover, letting rB and rA > 0
denote the radii of (B,LB) and (C
∗
r (Z, B), LA) we have the estimate rA 6 rB +
π
2
.
The proof of Theorem 5.1 relies on a general theorem due to Li, [Li05, Theorem 4.1],
which in turn is related to methods developed by Rieffel in [Rie98, Theorem 2.3]. Before
presenting our proof we need a bit more notation: For each n ∈ Z, we have the character
ϕn ∈ Tˆ given by ϕn(z) := z
n for all z ∈ T. For any finite linear combination of characters
ϕ =
∑∞
n=−∞ λnϕn, we define the linear map αϕ : C
∗
r (Z, B)→ C
∗
r (Z, B) by
αϕ(x) :=
1
2π
∫ 2π
0
ϕ(exp(it))αexp(it)(x)dt
for all x ∈ C∗r (Z, B), where α : T×C
∗
r (Z, B)→ C
∗
r (Z, B) denotes the dual action introduced
in (4.2). By (4.3), for each x =
∑∞
n=−∞ bnU
n ∈ Cc(Z, B) it holds that
αϕ(x) =
∞∑
n=−∞
λ−n · bnU
n
and thus that αϕ(VA) ⊆ VA. For each n ∈ Z, we let An ⊆ A denote the spectral subspace
associated to the action α : T× C∗r (Z, B)→ C
∗
r (Z, B). Explicitly, we have that
An =
{
x ∈ A | αz(x) = z
n · x for all z ∈ T
}
= {bUn | b ∈ B} = Im(αϕ−n),
where the middle equation follows from [Ped79, Proposition 7.8.9]. As a Banach space,
the spectral subspace An ⊆ A is thus isometrically isomorphic to B via the linear isometry
ιn : B → An defined by ιn(b) := bU
n. We remark that the inverse of ιn : B → An is the
map τ−n|An : An → B, which we introduced before Lemma 4.2.
Proof of Theorem 5.1. Lower semi-continuity of the semi-norm LA = max{L1, L2} : VA →
[0,∞) follows immediately from Lemma 4.2 and Lemma 4.3. To prove the remainder of the
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theorem we apply [Li05, Theorem 4.1] and need to verify the conditions of that theorem.
This suffices to prove the present theorem. The relevant conditions are as follows:
(1) there exists a constant C > 0 such that Ll(η) 6 C · LA(η) for all η ∈ VA;
(2) for any finite linear combination of characters ϕ it holds that
LA(αϕ(η)) 6
1
2π
∫ 2π
0
|ϕ(exp(it))|dt · LA(η) = ‖ϕ‖1 · LA(η)
for all η ∈ VA;
(3) for each n ∈ Z\{0}, the subset
{
x ∈ An∩VA | LA(x) 6 1
}
⊆ An is totally bounded;
(4) the pair (A0, LA|VA∩A0) is a compact quantum metric space.
Condition (1), with C = 1, follows immediately from Lemma 4.3 and the definition of LA.
To prove condition (2) we let ϕ =
∑∞
n=−∞ λnϕn be a finite linear combination of characters.
We know from Lemma 4.2 and Lemma 4.3 that LA = max{L1, L2} : VA → [0,∞) is
lower semi-continuous and we have remarked earlier that αϕ(VA) ⊆ VA. Recall next that
αz : C
∗
r (Z, B) → C
∗
r (Z, B) is an isometry for all z ∈ T from which it follows that L1
is α-invariant, and L2 is also seen to be α-invariant since |z| = 1, so it follows that
LA(αz(η)) = LA(η) for all z ∈ T and η ∈ VA. The relevant estimate is now a consequence
of [Li05, Lemma 4.3]. To prove condition (3) we let n ∈ Z \ {0} be given and notice that
LA(ξU
n) = max
{
|n| · ‖ξ‖B, LB(ξ)|||en|||, LB(β
−n(ξ∗))|||e−n|||
}
for all ξ ∈ VB. This observation implies that we have the inclusion{
x ∈ An ∩ VA | LA(x) 6 1
}
⊆ ιn
(
B1/|||en|||(LB) ∩ B1/|n|(‖ · ‖B)
)
,
where we use the notation for balls introduced in (2.1). Since (B,LB) is a compact quantum
metric space by assumption we know that the intersection of balls B1/|||en|||(LB) ∩ B1/|n|(‖ ·
‖B) ⊆ B is totally bounded so the subset
{
x ∈ An ∩ VA | LA(x) 6 1
}
⊆ An must
be totally bounded as well. Condition (4) is another way of saying that (B,LB) is a
compact quantum metric space. In fact, our normalization condition |||e0||| = 1 implies
that LB = LA ◦ ι : VB → [0,∞). This shows that (C
∗
r (Z, B), LA) is a compact quantum
metric space. The upper bound on the radius rA > 0 is also a consequence of [Li05,
Theorem 4.1], indeed we obtain that
rA 6 rB +
1
2π
∫ 2π
0
l(exp(it))dt = rB +
π
2
,
where the length function l : T→ [0,∞) is given explicitly in (4.4). This ends the proof of
the theorem. 
We now apply the above Theorem 5.1 to the semi-norm coming from the derivations
described in Subsection 4.1; in particular we generalize a result of Bellissard, Marcolli and
Reihani, see [BMR10, Proposition 3]. Indeed we here consider quasi-isometric actions
instead of the more restrictive equicontinuous actions corresponding to the case where
the modular operator Γ equals the identity operator. Notice that the modular operator
Γ ∈ L(ℓ2(Z)⊗̂H) depends on a choice of quasi-isometry constants λ, µ > 1 even though
this is not reflected in the notation.
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Theorem 5.2. Suppose that (B, H,D) is a spectral triple, where the associated ∗-
homomorphism π : B → L(H) is unital and faithful, and suppose that the semi-norm
LB : B → [0,∞) given by LB(b) := ‖d(b)‖∞ turns (B,LB) into a compact quantum met-
ric space. Suppose moreover that the ∗-automorphism β : B → B is quasi-isometric (in
the sense of Definition 4.4). Then for any choice of quasi-isometry constants λ, µ > 1
it holds that (C∗r (Z, B), LΓ) is a compact quantum metric space, where the semi-norm
LΓ : Cc(Z,B) → [0,∞) is given by (4.6) in the ungraded case and by (4.7) in the graded
case.
Proof. We remark that LB : B → [0,∞) is automatically lower semi-continuous, see
[Rie99, Proposition 3.7]. Let the quasi-isometry constants λ, µ > 1 be given. By Theorem
2.7 we just need to check that q(B1(LΓ)) ⊆ C
∗
r (Z, B)/C1 is totally bounded. To this end,
we define an order preserving norm |||·||| : Cc(Z)→ [0,∞) by the formula
|||h||| := sup
n∈Z
c|n||h(n)|,
where c := min{λ−1/2, µ−1/2}. Notice also that |||e0||| = 1, meaning that |||·||| is normalized
as required in Section 4. We let LA : A → [0,∞) denote the corresponding semi-norm so
that (A,LA) is a compact quantum metric space by Theorem 5.1. It therefore suffices to
show that LA(x) 6 LΓ(x) for all x ∈ A = Cc(Z,B), see Theorem 2.7. Let x ∈ A be given.
An easy application of the triangle inequality shows that ‖∂Γ(x)‖∞, ‖∂(x)‖∞ 6 LΓ(x), and
we moreover have that L1(x) = ‖∂(x)‖∞, so it suffices to show that L2(x) 6 ‖∂Γ(x)‖∞.
We now claim that
c|n|LB(x(n)) = c
|n|‖d(x(n))‖∞ 6 ‖∂Γ(x)‖∞ for all n ∈ Z. (5.1)
Establishing this claim proves the theorem; indeed, since A is a ∗-algebra this will imply
that
L2(x) = max
{∣∣∣∣∣∣LB ◦ x∣∣∣∣∣∣, ∣∣∣∣∣∣LB ◦ x∗∣∣∣∣∣∣}
= max
{
sup
n∈Z
c|n|‖d(x(n))‖∞, sup
n∈Z
c|n|‖d(x∗(n))‖∞
}
6 max
{
‖∂Γ(x)‖∞, ‖∂Γ(x
∗)‖∞
}
= ‖∂Γ(x)‖∞,
where the last identity follows from (4.5). Let thus n ∈ Z be given. We define g := σ−1/2(U)
and notice that g−1 = σ−1/2(U∗). It follows from the explicit formulae in the proof of
Lemma 4.7 that
g = λ1/2UP + µ−1/2U(1 − P ) and g−1 = λ−1/2PU∗ + µ1/2(1− P )U∗
g∗ = λ1/2PU∗ + µ−1/2(1− P )U∗ and (g−1)∗ = λ−1/2UP + µ1/2U(1− P ),
where P ∈ L(ℓ2(Z)⊗̂H) denotes the orthogonal projection onto ℓ2(N0)⊗̂H . In particular,
we have that
c2|n| = min{λ−|n|, µ−|n|} 6 g|n|
(
g|n|
)∗
, g−|n|(g−|n|)∗.
Secondly, we see that g = λ1/2UP + µ−1/2U(1 − P ) has the form D1U for a bounded
diagonal operator D1 and since conjugating D1 with U results in another diagonal operator
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we conclude that there exists some bounded diagonal operator Dn such that g
n = DnU
n
for n > 0, and the same reasoning holds when n < 0. Hence
∂Γ(x)) =
∞∑
n=−∞
Γ1/2
[
diag(D), λπ(x(n))
]
Γ1/2 · gn
=
∞∑
n=−∞
Γ1/2
[
diag(D), λπ(x(n))
]
Γ1/2 ·DnU
n,
where the operator Γ1/2[diag(D), x(n)]Γ1/2 · Dn is diagonal. We may thus estimate as
follows
c2|n|‖d(x(n))‖2∞ 6 c
2|n| sup
k∈Z
∥∥κ(k)d(β−k(x(n)))∥∥2
∞
= c2|n|
∥∥Γ1/2[diag(D), λπ(x(n))]Γ1/2∥∥2∞
6
∥∥Γ1/2[diag(D), λπ(x(n))]Γ1/2 · gn∥∥2∞ = ∥∥Γ1/2[diag(D), λπ(x(n))]Γ1/2 ·Dn∥∥2∞
= ‖τ0(∂Γ(x)U
−n)‖2∞ 6 ‖∂Γ(x)‖
2
∞,
where τ0 : L(ℓ
2(Z)⊗̂H)→ L(ℓ2(Z)⊗̂H) denotes the contraction which puts all off-diagonal
elements equal to zero. This proves (5.1) and hence the result. 
Remark 5.3. In this remark we return to the context of Example 4.5. The ellipticity
assumption on D : Γ∞(M,E) → L2(M,E) implies that the semi-norm LD : C
∞(M) →
[0,∞) is equivalent to the semi-norm LC(M) : C
∞(M)→ [0,∞) defined by
LC(M)(f) := sup
p∈M
‖df(p)‖T ∗pM .
If we furthermore assume that the compact Riemannian manifold M is connected we shall
see in Proposition 8.1 that the pair (C(M), LC(M)) is a C
∗-algebraic compact quantum
metric space. Using the equivalence of semi-norms this entails that (C(M), LD) is a C
∗-
algebraic compact quantum metric space as well. We thereby obtain a large class of
examples satisfying the assumptions of Theorem 5.2.
6. A uniform criterion for quantum metric convergence
In this section we study a general uniform criterion for quantum Gromov-Hausdorff
metric convergence of a family of order unit compact quantum metric spaces sitting as
real vector subspaces of the fibres of a continuous field of unital C∗-algebras. This uniform
criterion will then be applied to crossed products in Section 7. Our criterion is related to,
but different from, Li’s uniform criterion introduced in [Li06, Definition 7.9] with the aim
of proving quantum Gromov-Hausdorff metric convergence of θ-deformations. Indeed, we
are mainly controlling the variation of the semi-norms in a uniform fashion whereas the
C∗-norms are only required to be uniformly equivalent to a fixed reference norm, so that
our setup in that respect has some similarity with [Rie04b, Section 10]. The motivation
for introducing this hybrid of Li’s and Rieffel’s notions stems from our main example,
studied in detail in Section 8, consisting of crossed products arising from a family of
diffeomorphisms of a Riemannian manifold, where we could not see how to apply Li’s
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uniform criterion, but, as the reader shall see, we can indeed single out a reference norm.
In fact, such a reference norm exists in the full generality for fields of crossed products
by the integers, at least when working with an upper bound on the number of Fourier
coefficients; see e.g. Section 7 for more on this.
Throughout this section, we let {At}t∈T be a continuous field of unital C
∗-algebras over
a compact Hausdorff space T arising from an injective unital ∗-homomorphism j : C(T )→
Z(A), where A is a unital C∗-algebra, see [Rie89] and [Bla96] for details. We denote the
norm, unit, and involution in At by ‖ · ‖t, 1At and ∗t respectively. Suppose that V ⊆ A is
a complex vector subspace such that
(1) evt : V → At is injective for all t ∈ T ;
(2) 1A ∈ V and Vt := evt(V ) satisfies that ξ
∗t ∈ Vt for all ξ ∈ Vt.
For each t ∈ T , we then have the real part
V sat :=
{
ξ ∈ Vt | ξ
∗t = ξ
}
⊆ Asat ,
which becomes an order unit space with order unit 1At ∈ V
sa
t and partial order coming
from Asat . For each t ∈ T , we fix a semi-norm Lt : Vt → [0,∞) satisfying that Lt(1At) = 0
and Lt(ξ
∗t) = Lt(ξ) for all ξ ∈ Vt. We emphasize the slight subtlety that our subspace
V ⊆ A need not be invariant under the involution ∗ on A even though the individual
fibres Vt ⊆ At are invariant under the respective involutions ∗t, so that we have an induced
involution ∗t : V → V for every t ∈ T . The curious reader may cast a glance at the
paragraph preceding Lemma 7.14 to see how this situation arises naturally in the setting
of crossed products. For each t ∈ T , we denote the norm on Vt coming from the C
∗-norm
on the fibre At by ‖ · ‖t : Vt → [0,∞). Remark that the unital complex subspaces Vt ⊆ At
need not be norm-dense. For an element x ∈ A, we apply the notation xt := evt(x) for all
t ∈ T .
Definition 6.1. We say that {(V sat , L
sa
t )}t∈T is a uniform family of order unit compact
quantum metric spaces when
(1) (V sat , L
sa
t ) is an order unit compact quantum metric space for all t ∈ T ;
(2) the map t 7→ Lt(yt) is continuous on T for all y ∈ V ;
(3) for each t0 ∈ T and ε > 0 there exists an open neighbourhood U ⊆ T of t0 such
that
(1− ε)Lt0(yt0) 6 Lt(yt) for all y ∈ V and t ∈ U ;
(4) there exist a norm ‖ · ‖⋆ : V → [0,∞) and a constant C > 0 such that ‖ξ
∗t‖⋆ = ‖ξ‖⋆
and
1
C
· ‖ξ‖⋆ 6 ‖ξt‖t 6 C · ‖ξ‖⋆ (6.1)
for all ξ ∈ V and all t ∈ T .
Consider a uniform family {(V sat , L
sa
t )}t∈T of order unit compact quantum metric spaces
and fix a reference norm ‖ · ‖⋆ : V → [0,∞) and a constant C > 0 according to the
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definition. We may think of ‖ · ‖⋆ as a norm on Vt for each t ∈ T via the C-linear
isomorphism evt : V → Vt and it then holds that
‖ξt‖⋆ = ‖ξ‖⋆ = ‖ξs‖⋆ for all t, s ∈ T and ξ ∈ V. (6.2)
For a fixed r > 0, we are interested in the two intersections of balls:
B1(L
sa
t ) ∩ Br(‖ · ‖⋆) :=
{
ξ ∈ V sat | L
sa
t (ξ) 6 1, ‖ξ‖⋆ 6 r
}
B1(Lt) ∩ Br(‖ · ‖⋆) :=
{
ξ ∈ Vt | Lt(ξ) 6 1, ‖ξ‖⋆ 6 r
}
,
as the parameter t ∈ T varies. We are here explicitly writing out both these intersections
because the difference between selfadjoint elements and general elements play an important
role in the next lemma:
Lemma 6.2. Suppose that {(V sat , L
sa
t )}t∈T is a uniform family of order unit compact quan-
tum metric spaces and let r > 0 be given. For each t0 ∈ T and δ > 0 there exist finitely
many elements z1, z2, . . . , zN ∈ Asa and an open neighbourhood U ⊆ T of t0 such that
(1) znt ∈ B1(L
sa
t ) ∩ Br(‖ · ‖⋆) for all t ∈ U and n ∈ {1, 2, . . . , N};
(2) B1(L
sa
t ) ∩ Br(‖ · ‖⋆) ⊆
⋃N
n=1Bδ(z
n
t , ‖ · ‖⋆) for all t ∈ U .
Proof. Let t0 ∈ T and δ > 0 be given and assume without loss of generality that δ < 2r+1.
Put ε := δ
2r+1
∈ (0, 1). We notice that the norms ‖ · ‖t0 and ‖ · ‖⋆ : Vt0 → [0,∞) are
equivalent and that ∗t0 : Vt0 → Vt0 is an isometry for both Lt0 and ‖ · ‖⋆. Since (V
sa
t0
, Lsat0 )
is an order unit compact quantum metric space we may choose f 1, . . . , fN ∈ V such that
f 1t0 , . . . f
N
t0
∈ B1(Lt0) ∩ Br(‖ · ‖⋆) and such that
B1(Lt0) ∩ Br(‖ · ‖⋆) ⊆
N⋃
n=1
Bε(f
n
t0
, ‖ · ‖⋆), (6.3)
see [Rie98, Theorem 1.8]. We stress that the intersection of balls above does not consist
of selfadjoint elements. Using the conditions in Definition 6.1, we may choose an open
neighbourhood U ⊆ T of t0 such that
Lt(f
n
t ) 6 1 + ε and (1− ε)Lt0(yt0) 6 Lt(yt) (6.4)
for all t ∈ U , n ∈ {1, 2, . . . , N} and y ∈ V . For each n ∈ {1, 2, . . . , N} and t ∈ U , define
znt :=
fnt + (f
n
t )
∗t
2(1 + ε)
∈ V sat .
Using that ∗t : Vt → Vt is an isometry for both Lt and ‖ · ‖⋆ : Vt → [0,∞) together with
(6.4), we may estimate as follows:
Lt(z
n
t ) 6
Lt(f
n
t )
1 + ε
6 1 and ‖znt ‖⋆ 6
‖fnt ‖⋆
1 + ε
=
‖fnt0‖⋆
1 + ε
6 r,
implying that znt ∈ B1(L
sa
t ) ∩ Br(‖ · ‖⋆) for all t ∈ U . Let now t ∈ U and y ∈ V with
yt ∈ B1(L
sa
t ) ∩ Br(‖ · ‖⋆) be given. Using (6.4), we see that
Lt0(yt0) 6
Lt(yt)
1− ε
6
1
1− ε
and ‖yt0‖⋆ = ‖yt‖⋆ 6 r,
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implying that (1−ε) · yt0 ∈ B1(Lt0)∩Br(‖ · ‖⋆). We remark that yt0 need not be selfadjoint
in the fibre Vt0 (but that yt is selfadjoint in the fibre Vt). Using the inclusion in (6.3), we
may choose j ∈ {1, . . . , N} such that
‖(1− ε)yt0 − f
j
t0‖⋆ 6 ε.
We then have the estimates
‖yt − z
j
t ‖⋆ =
∥∥yt + y∗tt
2
−
f jt + (f
j
t )
∗t
2(1 + ε)
∥∥
⋆
6
‖yt(1 + ε)− f
j
t ‖⋆
2(1 + ε)
+
‖y∗tt (1 + ε)− (f
j
t )
∗t‖⋆
2(1 + ε)
6 2ε
‖yt‖⋆
1 + ε
+
‖yt(1− ε)− f
j
t ‖⋆
1 + ε
6 2εr +
‖yt0(1− ε)− f
j
t0‖⋆
1 + ε
6 2εr + ε = δ.
This proves the lemma. 
We may now state and prove the main theorem of this section:
Theorem 6.3. Suppose that {(V sat , L
sa
t )}t∈T is a uniform family of order unit compact
quantum metric spaces and suppose that supt∈T rt <∞, where rt > 0 denotes the radius of
the order unit compact quantum metric space (V sat , L
sa
t ). Let t0 ∈ T be given and suppose
that the unital C∗-algebra At0 is separable. Then it holds that
lim
t→t0
distq(V
sa
t , V
sa
t0
) = 0.
Proof. Since the injective ∗-homomorphism j : C(T ) → Z(A) is supposed to be unital
it is also non-degenerate and we may thus identify A with a ∗-subalgebra of
∏
t∈T At, see
[Bla96, Proposition 2.8]. We moreover see that A is separating in the sense that if t, s ∈ T
with t 6= s and x ∈ At, y ∈ As are given, then there exists an f ∈ A with ft = x and
fs = y. It therefore follows by [Fel61, Corollary to Theorem 1.4] that A is maximal. In
other words, for each γ ∈
∏
t∈T At, we have the implication(
t 7→ ‖ft − γt‖t is continuous on T for all f ∈ A
)
⇒
(
γ ∈ A
)
.
In particular, it holds that Asa ⊆
∏
t∈T A
sa
t defines a continuous field of real Banach spaces
with fibres {Asat }t∈T , see [Dix77, Section 10.1 and 10.2] for details. Since the fibre A
sa
t0 is
separable we may apply [Li06, Proposition 7.4] and choose a real Banach spaceW together
with isometric R-linear maps ιt : A
sa
t → W such that it holds for every f ∈ A
sa that the
map T → W defined by t 7→ ιt ◦ f is continuous at t0 ∈ T . Let us fix the reference norm
‖ · ‖⋆ : V → [0,∞) together with the norm-equivalence constant C > 0 as in Definition 6.1,
and define R := 1 + supt∈T rt. Let ε > 0 be given and put δ :=
ε
6(C+1)
> 0. By Lemma 6.2
we may choose z1, z2, . . . , zN ∈ Asa and an open neighbourhood U ⊆ T of t0 ∈ T such that
(1) znt ∈ B1(L
sa
t ) ∩ BC·R(‖ · ‖⋆) for all t ∈ U and n ∈ {1, 2, . . . , N};
(2) B1(L
sa
t ) ∩ BC·R(‖ · ‖⋆) ⊆
⋃N
n=1 Bδ(z
n
t , ‖ · ‖⋆) for all t ∈ U .
By shrinking U , if necessary, we may moreover assume that
‖ιt(1At)− ιt0(1At0 )‖ <
ε
3R
and ‖ιt(z
n
t )− ιt0(z
n
t0
)‖ < δ
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for all t ∈ U and n ∈ {1, . . . , N}. For each t ∈ U and n ∈ {1, 2, . . . , N}, we define
ζnt :=
R
R + (C + 1)δ
· znt ∈ V
sa
t .
Recall from (3.1) that DR(V
sa
t ) denotes the intersection B1(L
sa
t ) ∩ BR(‖ · ‖t). We let
‖ · ‖ : W → [0,∞) denote the norm on the real Banach space W and claim that
dist
ρ‖·‖
H
(
ιt
(
DR(V
sa
t )
)
, ιt0
(
DR(V
sa
t0
)
))
<
ε
3
and R · ‖ιt(1At)− ιt0(1At0 )‖ <
ε
3
for all t ∈ U . Establishing this claim will prove the present theorem since Proposition 3.5
then entails that distq(V
sa
t , V
sa
t0
) < ε for all t ∈ U .
Let thus t ∈ U be given. By construction, we have that R · ‖ιt(1At)− ιt0(1At0 )‖ <
ε
3
so
we may focus on showing that
dist
ρ‖·‖
H
(
ιt
(
DR(V
sa
t )
)
, ιt0
(
DR(V
sa
t0 )
))
< 2(C + 1)δ =
ε
3
.
Let xt ∈ DR(V
sa
t ) be given. Since DR(V
sa
t ) ⊆ B1(L
sa
t ) ∩ BC·R(‖ · ‖⋆) we may choose a
j ∈ {1, 2, . . . , N} such that ‖xt − z
j
t ‖⋆ 6 δ.
We notice that ζjt0 ∈ DR(V
sa
t0
). Indeed, clearly ζjt0 ∈ B1(L
sa
t0
) and the following estimate
implies that ‖zjt0‖t0 6 R + (C + 1)δ (recall that ‖xt‖t 6 R):∣∣‖zjt0‖t0 − ‖xt‖t∣∣ 6 ∣∣‖zjt0‖t0 − ‖zjt ‖t∣∣ + ‖zjt − xt‖t
6 ‖ιt0(z
j
t0)− ιt(z
j
t )‖+ C‖z
j
t − xt‖⋆ < δ + Cδ.
(6.5)
We moreover have that
‖ιt(xt)− ιt0(ζ
j
t0)‖ 6 ‖xt − z
j
t ‖t + ‖ιt(z
j
t )− ιt0(z
j
t0)‖+ ‖z
j
t0 −
R
R + (C + 1)δ
zjt0‖t0
< Cδ + δ +
(C + 1)δ
R + (C + 1)δ
‖zjt0‖t0 6 2(C + 1)δ.
(6.6)
On the other hand, letting yt0 ∈ DR(V
sa
t0
) be given, we choose a k ∈ {1, 2, . . . , N} such that
‖yt0−z
k
t0‖⋆ 6 δ. Similar estimates to those given in (6.5) and (6.6) show that ζ
k
t ∈ DR(V
sa
t )
and that ‖ιt0(yt0)− ιt(ζ
k
t )‖ < 2(C +1)δ. This proves our claim and hence the result of the
theorem. 
7. Quantum Gromov-Hausdorff convergence of crossed products
In Section 5 we gave criteria showing when an automorphism of a compact quantum
metric space gives rise to a compact quantum metric structure on the associated crossed
product algebra. Our next overall aim is to investigate what happens when we start
varying the automorphism and what we can say about the corresponding variation of
the corresponding crossed product compact quantum metric spaces with respect to the
quantum Gromov-Hausdorff distance. To this end, we shall apply the general uniform
criterion, which we developed in Section 6.
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As in Section 4 and Section 5, we consider a unital C∗-algebra B together with a norm-
dense ∗-invariant subspace VB ⊆ B with 1 ∈ VB, and fix a semi-norm LB : VB → [0,∞)
with LB(1) = 0 and LB(ξ) = LB(ξ
∗) for all ξ ∈ VB. We shall moreover fix an order
preserving (see Definition 4.1) norm |||·||| : Cc(Z) → [0,∞) which we assume normalized
such that |||e0||| = 1.
We are interested in the extra structure given by a compact Hausdorff space T together
with a ∗-automorphism βt : B → B for each t ∈ T subject to the condition that the map
T → B t 7→ βt(b)
is continuous, with respect to the C∗-norm on B for all b ∈ B. For each t ∈ T , we assume
that βt and β
−1
t : B → B preserve the subspace VB ⊆ B so that
βt(VB) = VB = β
−1
t (VB).
We may assemble the family {βt}t∈T into a ∗-automorphism β : C(T,B)→ C(T,B) defined
by
β(f)(t) := βt(f(t))
for all f ∈ C(T,B) and t ∈ T , and this allows us to construct the reduced crossed product
C∗r (Z, C(T,B), β). The commutative unital C
∗-algebra C(T ) is naturally included into the
center of this reduced crossed product
j : C(T )→ Z
(
C∗r (Z, C(T,B), β)
)
and this inclusion provides us with an upper semi-continuous field of C∗-algebras, see
[Rie89][Proposition 1.2]. We also refer to [Bla96] for more information on fields of C∗-
algebras. In fact, since Z is amenable we have an even stronger result, see [Ped79][Theorem
7.7.7] and [Rie89][Corollary 3.6]:
Proposition 7.1. The inclusion j : C(T )→ Z(C∗r (Z, C(T,B), β)) gives C
∗
r (Z, C(T,B), β)
the structure of a continuous field of C∗-algebras and the fiber at each t ∈ T identifies with
the reduced crossed product C∗r (Z, B, βt) via the quotient map
C∗r (Z, C(T,B), β) −→ C
∗
r (Z, B, βt)
induced by the map evt : C(T,B)→ B evaluating at t.
To ease the notation, we put
A := C∗r (Z, C(T,B), β) and At := C
∗
r (Z, B, βt),
and denote the C∗-norm on At by ‖ · ‖t : At → [0,∞) for all t ∈ T . For each t ∈ T , we
have the semi-norms L1t and L
2
t : Cc(Z, VB)→ [0,∞), defined in (4.1), given by:
L1t (η) :=
∥∥ ∞∑
n=−∞
n · η(n)Un
∥∥
t
and
L2t (η) := max
{∣∣∣∣∣∣LB ◦ η∣∣∣∣∣∣, ∣∣∣∣∣∣LB ◦ η∗∣∣∣∣∣∣}
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Remark that, as a complex vector space, Vt := VAt := Cc(Z, VB) is independent of
t ∈ T . For each t ∈ T we define Lt := max{L
1
t , L
2
t} and recall from Theorem 5.1 that
(C∗r (Z, B, βt), Lt) is a C
∗-algebraic compact quantum metric space.
We are in this section establishing the following general convergence result:
Theorem 7.2. With the setup as above, suppose that the following conditions hold:
(1) the semi-norm LB : VB → [0,∞) is lower semi-continuous and (B,LB) is a compact
quantum metric space;
(2) for each n ∈ Z and each η ∈ VB, the map T → [0,∞) defined by t 7→ LB(β
n
t (η)) is
upper semi-continuous;
(3) for each n ∈ Z, ε > 0 and t0 ∈ T there exists an open neighbourhood U ⊆ T of
t0 ∈ U such that
(1− ε)LB(β
n
t0
(η)) 6 LB(β
n
t (η))
for all t ∈ U and η ∈ VB.
Then it holds for every t0 ∈ T that
lim
t→t0
distq
(
(C∗r (Z, B, βt), Lt), (C
∗
r (Z, B, βt0), Lt0)
)
= 0.
Remark 7.3. Our standing assumption that t 7→ βt(b) is continuous for all b ∈ B implies
that also t 7→ βnt (b) is continuous for all n ∈ Z and all b ∈ B. So if LB : VB → [0,∞) is
assumed lower semi-continuous (as in Theorem 7.2 (1)) then the map t 7→ LB(β
n
t (η)) is
lower semi-continuous for each η ∈ VB and n ∈ Z. Thus, assuming that condition (1) in
Theorem 7.2 holds, condition (2) is equivalent with continuity of the map t 7→ LB(β
n
t (η))
for all η ∈ VB and all n ∈ Z.
The main part of the proof of Theorem 7.2 will be given in Subsection 7.2 and relies
heavily on the uniform criterion introduced in Section 6 together with a technique allowing
us to reduce the convergence problem to the case where there is an upper bound on the
number of Fourier coefficients (in fact to the case where there is an upper bound on the
distance to the diagonal). This latter technique applies to more general circle actions
than the dual action on a crossed product by the integers and was found by Li, see [Li05,
Lemma 4.4], building on methods introduced by Rieffel, see [Rie04b, Lemma 8.3 and 8.4].
For the moment we illustrate the power of Theorem 7.2 by presenting two corollaries
concerning quantum Gromov-Hausdorff convergence for isometric actions:
Corollary 7.4. Let (B,LB) be a compact quantum metric space with LB : VB → [0,∞)
lower semi-continuous and let {βt}t∈T be a family of ∗-automorphisms of B parametrized
by a compact Hausdorff space T . Suppose that βt and β
−1
t both preserve VB and that the
map t 7→ βt(b) is continuous for every b ∈ B. Suppose moreover that each ∗-automorphism
is LB-isometric so that LB(βt(ξ)) = LB(ξ) for all ξ ∈ VB and t ∈ T . Then it holds for
every t0 ∈ T that
lim
t→t0
distq
(
(C∗r (Z, B, βt), Lt), (C
∗
r (Z, B, βt0), Lt0)
)
= 0.
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To state the next corollary we need a few preliminaries. For a compact metric space
(X, d) we endow C(X,X) with the metric
d∞(ϕ, ψ) := sup
x∈X
d(ϕ(x), ψ(x)).
We moreover define the dense complex subspace VC(X) ⊆ C(X) by VC(X) := {f ∈ C(X) |
f is Lipschitz continuous} together with the semi-norm
LC(X)(f) := sup
{
|f(x)− f(y)|
d(x, y)
∣∣∣ x, y ∈ X, x 6= y} ;
i.e., LC(X)(f) is the minimal Lipschitz constant for f . We remark that (C(X), LC(X))
is a compact quantum metric space and refer to [Rie99] for a discussion of this result.
Being a supremum of continuous functions, the semi-norm LC(X) : VC(X) → [0,∞) is lower
semi-continuous.
Corollary 7.5. Let (X, d) be a compact metric space and let {ψt}t∈T be a family of iso-
metric homeomorphisms ψt : X → X parametrized by a compact Hausdorff space T and
satisfying that T ∋ t 7→ ψt ∈ C(X,X) is continuous with respect to d
∞. Then it holds for
every t0 ∈ T that
lim
t→t0
distq
(
(C∗r (Z, C(X), βt), Lt), (C
∗
r (Z, C(X), βt0), Lt0)
)
= 0,
where βt : C(X)→ C(X) denotes the ∗-automorphism given by βt(f) = f ◦ ψt.
Proof. We apply Corollary 7.4. Since ψt and ψ
−1
t are isometric, both βt and β
−1
t map
VC(X) onto itself and it holds that LC(X)(βt(ξ)) = LC(X)(ξ) for all ξ ∈ VB and t ∈ T . For
a given f ∈ C(X), it only remains to prove the continuity of the map t 7→ βt(f). To
see this, fix t0 ∈ T and ε > 0. Since X is compact, f is uniformly continuous so there
exists a δ > 0 such that |f(x) − f(y)| < ε whenever d(x, y) < δ. By assumption, there
exists an open neighbourhood U of t0 such that d
∞(ψt, ψt0) < δ for all t ∈ U . But then
‖βt(f)− βt0(f)‖∞ = supx∈X |f(ψt(x))− f(ψt0(x))| < ε for all t ∈ U . 
We also present a different and perhaps more natural description of condition (3) in
Theorem 7.2: One may ask whether a given linear map φ : VB → VB is bounded with
respect to the semi-norm LB : VB → [0,∞) and in this case we have the operator semi-
norm ‖φ‖LB ∈ [0,∞) defined by
‖φ‖LB := sup
{
LB(φ(η)) | η ∈ VB , LB(η) 6 1
}
. (7.1)
For each n ∈ Z and each t, s ∈ T , we define the linear isomorphism
βnt,s := β
n
t ◦ β
−n
s : VB → VB,
and we will now show how condition (3) in Theorem 7.2 can be expressed naturally in
terms of the operator semi-norms of these maps.
Lemma 7.6. Let n ∈ Z and t0 ∈ T be given. With the assumptions as above, the following
conditions are equivalent:
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(1) there exists an open neighbourhood U ⊆ T of t0 such that the linear isomorphism
βnt0,t : VB → VB is bounded for all t ∈ U and the map U → [0,∞) given by t 7→
‖βnt0,t‖LB is upper semi-continuous at t0 ∈ U .
(2) for each ε > 0 there exists an open neighbourhood U ⊆ T of t0 such that
(1− ε)LB(β
n
t0
(η)) 6 LB(β
n
t (η))
for all t ∈ U and η ∈ VB.
Remark 7.7. For fixed n ∈ Z and η ∈ VB the map t 7→ β
n
t0,t
(η) is continuous (compare
e.g. with Remark 7.3) so if the semi-norm LB is lower semi-continuous then so is the
map t 7→ LB(β
n
t0,t
(η)). Since a supremum of lower semi-continuous functions is again
lower semi-continuous, it then follows that t 7→ ‖βnt0,t‖LB is lower semi-continuous. Thus,
under the additional assumption that LB be lower semi-continuous, which is the case in
many examples, upper semi-continuity of the map t 7→ ‖βnt0,t‖LB actually coincides with
continuity.
Proof. If LB is constantly zero the statement is trivial, so assume that this is not the case
and (1) holds. Let 1 > ε > 0 be given and put δ := ε
1−ε
> 0. Using that βnt0,t0 = idVB : VB →
VB satisfies ‖idVB‖LB = 1 (since LB 6= 0) in combination with the upper semi-continuity
of t 7→ ‖βnt0,t‖LB , we find an open neighbourhood U
′ ⊆ T of t0 such that ‖β
n
t0,t‖LB 6 1 + δ
for all t ∈ U ′. For each t ∈ U ′ and η ∈ VB we then estimate that
(1− ε)LB(β
n
t0(η)) = (1− ε)LB
(
βnt0,t(β
n
t (η))
)
6 (1− ε) · (1 + δ) · LB(β
n
t (η)) = LB(β
n
t (η)).
This shows that (2) holds. Conversely, suppose that (2) holds. Let ε > 0 be given,
put δ := ε
1+ε
∈ (0, 1) and choose an open neighbourhood U ⊆ T of t0 such that (1 −
δ)LB(β
n
t0(η)) 6 LB(β
n
t (η)) for all η ∈ VB and t ∈ U . For each ζ ∈ VB with LB(ζ) 6 1, we
then estimate that
LB(β
n
t0,t(ζ)) = LB
(
βnt0(β
−n
t (ζ))
)
6
1
1− δ
LB(ζ) 6
1
1− δ
= 1 + ε.
This shows that ‖βnt0,t‖LB 6 1+ε = ‖β
n
t0,t0
‖LB+ε for all t ∈ U and hence that (1) holds. 
7.1. Continuous fields of compact quantum metric spaces. In this subsection we
show that the family of compact quantum metric spaces
{
(C∗r (Z, B, βt), Lt)
}
t∈T
fits with
the already established notion of a continuous field of compact quantum metric spaces.
Since this result is not needed anywhere else in the text, we shall not elaborate on the
definition of a continuous field of (order unit) compact quantum spaces, but refer the
reader to [Li06, Definition 6.4].
We start by investigating the continuity properties of the two semi-norms L1t and L
2
t as
t varies in the compact Hausdorff space T :
Lemma 7.8. The map t 7→ L1t (η) is continuous for every η ∈ Cc(Z, VB).
Proof. Let η =
∑∞
n=−∞ ξnU
n ∈ Cc(Z, VB) and define ∂(η) := i ·
∑∞
n=−∞ nξnU
n ∈ Cc(Z, VB).
We have that L1t (η) = ‖∂(η)‖t for all t ∈ T , and the desired continuity result therefore
follows from Proposition 7.1. 
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Lemma 7.9. Suppose that the map t 7→ LB(β
n
t (ξ)) is upper semi-continuous for every
ξ ∈ VB and n ∈ Z and that the semi-norm LB : VB → [0,∞) is lower semi-continuous.
Then the map t 7→ L2t (η) is continuous for every η ∈ Cc(Z, VB).
Proof. For each ξ ∈ VB and n ∈ Z we saw in Remark 7.3 that the function t 7→ LB(β
n
t (ξ))
is continuous on T .
For fixed η =
∑∞
n=−∞ ξnU
n ∈ Cc(Z, VB) there exists an N ∈ N such that η =∑N
n=−N ξnU
n, and for t ∈ T we may express the semi-norm L2t (η) ∈ [0,∞) as follows:
L2t (η) = max
{∣∣∣∣∣∣ N∑
n=−N
LB(ξn)en
∣∣∣∣∣∣, ∣∣∣∣∣∣ N∑
n=−N
LB
(
βnt (ξ
∗
−n)
)
en
∣∣∣∣∣∣}.
We just saw that the coefficients LB
(
βnt (ξ
∗
−n)
)
vary continuously in t, and since all norms
on the finite dimensional space spanC{en | −N 6 n 6 N} ⊆ Cc(Z) are equivalent the
desired continuity of t 7→ L2t (η) follows. 
Recall that, as a vector space over C, we have that Vt := Cc(Z, VB) ⊆ At = C
∗
r (Z, B, βt)
for all t ∈ T .
Proposition 7.10. Suppose that the map t 7→ LB(β
n
t (ξ)) is upper semi-continuous for
every ξ ∈ VB and n ∈ Z and that the semi-norm LB : VB → [0,∞) is lower semi-continuous.
Then the family {(V sat , L
sa
t )t∈T } together with the continuous field of real Banach spaces
C∗r (Z, C(T,B), β)
sa ⊆
∏
t∈T C
∗
r (Z, B, βt)
sa form a continuous field of order unit compact
quantum spaces in the sense of [Li06, Definition 6.4].
Proof. Since the inclusion j : C(T ) → C∗r (Z, C(T,B), β) determines a continuous field of
C∗-algebras by Proposition 7.1, we already saw in the proof of Theorem 6.3 that the real
part C∗r (Z, C(T,B), β)
sa identifies with the continuous sections of a continuous field of
real Banach spaces with fibres {C∗r (Z, B, βt)
sa}t∈T . Moreover, C
∗
r (Z, C(T,B), β)
sa clearly
contains the unit section 1 = {1t}t∈T . Thus, to prove the claim of the proposition we need,
for given t0 ∈ T , x ∈ V
sa
t0
and ε > 0, to find a continuous section η ∈ Asa such that t 7→
Lsat (ηt) is upper semi-continuous at t0 and such that ‖ηt0−x‖t0 < ε and L
sa
t0
(ηt0) < L
sa
t0
(x)+ε.
However, for our given x ∈ V sat0 := Cc(Z, VB)∩C
∗
r (Z, B, βt0)
sa one may consider the element
ζ ∈ Cc(Z, C(T,B)) ⊆ A given by ζ(n)(t) = x(n) and define η :=
1
2
(ζ + ζ∗) ∈ Asa. The
proof is therefore complete if we can show that t 7→ Lt(ηt) is upper semi-continuous at t0.
Writing x =
∑N
n=−N x(n)U
n, we have that η = 1
2
∑N
n=−N
(
x(n) + βnt (x(−n)
∗)
)
Un, where
the coefficients x(n) + βnt (x(−n)
∗) are now considered as elements in C(T,B), and hence
L1t (ηt) =
∥∥1
2
N∑
n=−N
n ·
(
x(n) + βnt (x(−n)
∗)
)
Un
∥∥
t
.
But, 1
2
∑N
n=−N n ·
(
x(n) + βnt (x(−n)
∗)
)
Un is still an element in A = C∗r (Z, C(T,B), β) and
it therefore follows from Proposition 7.1 that t 7→ L1t (ηt) is actually continuous (at every
point in T ).
DYNAMICS OF COMPACT QUANTUM METRIC SPACES 31
So we may focus on showing that t 7→ L2t (ηt) is upper semi-continuous at t0. Putting
C := |||
∑N
n=−N en||| we may use our assumption on upper semi-continuity to arrange that
LB
(
βnt (x(−n)
∗))
)
6 LB
(
βnt0(x(−n)
∗))
)
+ 2ε
C
for all n ∈ {−N, . . . , N} and all t in a suitable
open neighbourhood U of t0. For each t ∈ U , we then estimate that
L2t (ηt) =
1
2
∣∣∣∣∣∣ N∑
n=−N
LB
(
x(n) + βnt (x(−n)
∗)
)
en
∣∣∣∣∣∣
6
1
2
∣∣∣∣∣∣ N∑
n=−N
(
LB(x(n)) + LB(β
n
t (x(−n)
∗))
)
en
∣∣∣∣∣∣
6
1
2
∣∣∣∣∣∣ N∑
n=−N
(
LB(x(n)) + LB(β
n
t0
(x(−n)∗)) +
2ε
C
)
en
∣∣∣∣∣∣
6
∣∣∣∣∣∣ N∑
n=−N
LB(x(n))en
∣∣∣∣∣∣+ ε = L2t0(ηt0) + ε,
where we used that ||| · ||| is order preserving and that ηt0 = x is selfadjoint so that x(n) =
βnt0(x(−n)
∗) for all n ∈ Z. This establishes the claimed upper semi-continuity result. 
7.2. The convergence result for crossed products. We are now ready to embark for
real on the proof of Theorem 7.2. Our first step is to investigate the convergence problem
when we have an upper bound on the distance to the diagonal. More precisely, we fix an
N ∈ N0 and define the complex subspace V
N ⊆ C∗r (Z, C(T,B), β) by
V N :=
{
ξ ∈ Cc(Z, C(T,B)) | ξ(n) = 0 for |n| > N and ξ(n) ∈ i(VB) for |n| 6 N
}
,
where the ∗-homomorphism i : B → C(T,B) is given by i(b)(t) := b. We define the norm
‖ · ‖⋆ : V
N → [0,∞) ‖ξ‖⋆ := max
|n|6N
‖ξ(n)‖C(T,B).
In the next two lemmas we verify the preliminary conditions for having a uniform family
of order unit compact quantum metric spaces as in Definition 6.1.
Lemma 7.11. The evaluation map evt : V
N → Cc(Z, VB) is injective and for each t ∈ T ,
evt(V
N) =: V Nt is invariant under ∗t : C
∗
r (Z, B, βt) → C
∗
r (Z, B, βt). Moreover, we have
that ‖ξ∗t‖⋆ = ‖ξ‖⋆, where the involution ∗t : V
N → V N is inherited from ∗t : V
N
t → V
N
t for
all t ∈ T .
Proof. Since the Fourier coefficients of elements in V N are constant functions with values
in B it is clear that evt : V
N → V Nt is injective. Moreover, since VB is stable under the
action of βt and β
−1
t and under the adjoint operation it follows from the structure of V
N
that the involution ∗t preserves the subspace V
N
t . Let now ξ ∈ V
N be given. For each
n ∈ {−N, . . . , N} choose ηn ∈ VB with ξ(n) = i(ηn). We compute that
‖ξ∗t‖⋆ =
∥∥ N∑
n=−N
i(β−nt (η
∗
n))U
−n
∥∥
⋆
= max
|n|6N
‖β−nt (η
∗
n)‖B = max
|n|6N
‖ηn‖B = ‖ξ‖⋆. 
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Lemma 7.12. Let N ∈ N0. We have the inequalities
‖ξ‖⋆ 6 ‖ξt‖t 6 (2N + 1)‖ξ‖⋆ and L
1
t (ξ) 6 2N
2‖ξ‖⋆
for all ξ ∈ V N and all t ∈ T .
Proof. Write ξ =
∑N
n=−N i(ηn)U
n for ηn ∈ VB and let t ∈ T be given. For each n ∈
{−N, . . . , N}, we have that
‖i(ηn)‖C(T,B) = ‖ηn‖B = ‖τ0(ξt · (U
∗)n)‖B 6 ‖ξt · (U
∗)n‖t = ‖ξt‖t,
where τ0 : C
∗
r (Z, B, βt)→ B is the conditional expectation introduced right before Lemma
4.2. This shows that ‖ξ‖⋆ 6 ‖ξt‖t. The remaining inequalities follow by an application of
the triangle inequality. 
The next proposition establishes our convergence result in the setting where there is an
upper bound on the distance to the diagonal:
Proposition 7.13. Suppose that the following conditions hold:
(1) The semi-norm LB : VB → [0,∞) is lower semi-continuous and (B,LB) is a com-
pact quantum metric space;
(2) For each n ∈ Z and each η ∈ VB, the map T → [0,∞) defined by t 7→ LB(β
n
t (η)) is
upper semi-continuous;
(3) For each n ∈ Z, ε > 0 and t0 ∈ T there exists an open neighbourhood U ⊆ T of t0
such that
(1− ε)LB(β
n
t0
(η)) 6 LB(β
n
t (η))
for all t ∈ U and η ∈ VB.
Then
{( (
V Nt
)sa
, Lt|(V Nt )
sa
)}
t∈T
is a uniform family of order unit compact quantum metric
spaces. In particular, we have that
lim
t→t0
distq
( (
V Nt
)sa
,
(
V Nt0
)sa )
= 0 for all t0 ∈ T.
Proof. We start by verifying the four conditions in Definition 6.1. To verify condition (1)
we apply Theorem 5.1 which shows that each fibre (C∗r (Z, B, βt), Lt) is a compact quantum
metric space and this implies that the real part is an order unit compact quantum metric
space. Condition (1) then follows since (V Nt )
sa ⊆ V sat , see [Rie98, Theorem 1.8]. We
already verified condition (4) in Lemma 7.11 and Lemma 7.12 and condition (2) follows
from Lemma 7.8 and Lemma 7.9, so we focus on condition (3). Let 1 > ε > 0 and t0 ∈ T
be given. We choose an open neighbourhood U ⊆ T of t0 such that
(1− ε)LB(β
n
t0(η)) 6 LB(β
n
t (η))
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for all n ∈ {−N, . . . , N} and all η ∈ VB. We thus have that
(1− ε)L2t0
( N∑
n=−N
ηnU
n
)
= (1− ε) ·max
{∣∣∣∣∣∣ N∑
n=−N
LB(ηn)en
∣∣∣∣∣∣, ∣∣∣∣∣∣ N∑
n=−N
LB(β
n
t0
(η∗−n))en
∣∣∣∣∣∣}
6 max
{
(1− ε)
∣∣∣∣∣∣ N∑
n=−N
LB(ηn)en
∣∣∣∣∣∣, ∣∣∣∣∣∣ N∑
n=−N
LB(β
n
t (η
∗
−n))en
∣∣∣∣∣∣}
6 L2t
( N∑
n=−N
ηnU
n
)
for all
∑N
n=−N i(ηn)U
n ∈ V N .
Next, put δ := ε
4N2+1
> 0. Since the fibre (C∗r (Z, B, βt0), Lt0) is a compact quantum metric
space we may find finitely many ξ1, . . . , ξM ∈ V N with Lt0(ξ
j
t0) 6 1 for all j ∈ {1, 2, . . . ,M}
such that
qt0(B1(Lt0) ∩ V
N
t0
) ⊆
M⋃
j=1
Bδ
(
qt0(ξ
j
t0), ‖ · ‖
∼
⋆
)
,
where qt0 : V
N
t0
→ V Nt0 /C1At0 is the quotient map and ‖ · ‖
∼
⋆ is the quotient norm. By
shrinking U if necessary, we may assume that
L1t (ξ
j
t ) ∈ [L
1
t0
(ξjt0)− δ, L
1
t0
(ξjt0) + δ] (7.2)
for all t ∈ U and all j ∈ {1, 2, . . . ,M}, see Lemma 7.8. Next, let ξ ∈ V N with Lt0(ξt0) = 1
be given. Choose j ∈ {1, 2, . . . ,M} such that ‖qt0(ξt0 − ξ
j
t0)‖
∼
⋆ 6 δ and remark that this
implies that ‖qt(ξt − ξ
j
t )‖
∼
⋆ 6 δ for all t ∈ T , see (6.2). Using Lemma 7.12 and (7.2) we
now estimate as follows:
L1t0(ξt0) 6 L
1
t0
(ξt0 − ξ
j
t0) + L
1
t0
(ξjt0) 6 2N
2 · ‖qt0(ξt0 − ξ
j
t0)‖
∼
⋆ + L
1
t0
(ξjt0)
6 2N2δ + L1t (ξ
j
t ) + δ 6 2N
2δ + L1t (ξ
j
t − ξt) + L
1
t (ξt) + δ
6 2N2δ + 2N2 · ‖q(ξt − ξ
j
t )‖
∼
⋆ + L
1
t (ξt) + δ 6 4N
2δ + L1t (ξt) + δ = L
1
t (ξt) + ε
for all t ∈ U . We thus have that
1 = Lt0(ξt0) = max{L
1
t0(ξt0), L
2
t0(ξt0)} 6 max
{
ε+ L1t (ξt),
L2t (ξt)
1− ε
}
for all t ∈ U . But this implies that
(1− ε)Lt0(ξt0) = 1− ε 6 max{L
1
t (ξt), L
2
t (ξt)} = Lt(ξt)
for all t ∈ U . This proves that {((V Nt )
sa, Lt|
sa
V Nt
)}t∈T is a uniform family of order unit
compact quantum metric spaces.
To end the proof of the proposition, we remark that by [KaRi97, Theorem 4.3.4] we
have an isometric embedding Bsa → C(S(B),R) and since B is assumed to be a compact
quantum metric space its state space is metrizable, and thus separable by compactness, and
hence also C(S(B),R) is separable. From this it follows that the C∗-algebra C∗r (Z, B, βt)
34 JENS KAAD AND DAVID KYED
is separable for every t ∈ T . The remaining statement about convergence in the quantum
Gromov-Hausdorff distance now follows by Theorem 6.3 provided that we can find an upper
bound on the radii {rNt }t∈T of the involved order unit compact quantum metric spaces,{
((V Nt )
sa, Lt|(V Nt )sa)
}
t∈T
. However, letting rt > 0 denote the radius of (C
∗
r (Z, B, βt), Lt) we
know from Theorem 5.1 that rt 6 rB +
π
2
and hence by Proposition 2.4 it also holds that
rNt 6 rB +
π
2
for all t ∈ T . This provides an upper bound on the involved radii. 
We now explain how to pass from the general convergence problem of Theorem 7.2 to
the convergence problem, where we have an upper bound on the distance to the diagonal.
This step in combination with Proposition 7.13 will then allow us to provide a proof of
Theorem 7.2. Define the unital subspace V ⊆ C∗r (Z, C(T,B), β) by
V := {ξ ∈ Cc(Z, C(T,B)) | ξ(n) ∈ i(VB) for all n ∈ Z},
where we recall that i : B → C(T,B) embeds B as constant B-valued maps on
T . We let Vt ⊆ C
∗
r (Z, B, βt) denote the image of V under the evaluation map
evt : C
∗
r (Z, C(T,B, β)) → C
∗
r (Z, B, βt) and remark that Vt = Cc(Z, VB) for all t ∈ T ,
as a vector space over C.
For t ∈ T and R > 0, we recall the notation
DR(V
sa
t ) := {ξ ∈ V
sa
t | Lt(ξ) 6 1, ‖ξ‖t 6 R}.
The following lemma shows how quantum Gromov-Hausdorff continuity at the level of the
bands
{(
V Nt
)sa}
t∈T
can be lifted to continuity of {V sat }t∈T .
Lemma 7.14. For every ε > 0 there exists an N ∈ N0 such that distq
(
V sat , (V
N
t )
sa
)
< ε
for all t ∈ T .
Proof. In Theorem 5.1 we showed that (C∗r (Z, B, βt), Lt) is a compact quantum metric
space for all t ∈ T , by showing that the conditions in [Li05, Theorem 4.1] are satisfied with
constant C = 1. Notice also that the length function l : T→ [0,∞) (given by arc length) is
independent of t ∈ T . In view of the upper bound on the radii, rt 6 rB+
π
2
for all t ∈ T , we
put R := rB +
π
2
. For a given ε > 0, [Li05, Lemma 4.4], now provides us with an N ∈ N0
such that for all t ∈ T and ξ ∈ DR(V
sa
t ) there exists ξ
′ ∈ DR((V
N
t )
sa) with ‖ξ − ξ′‖t <
ε
3
.
Since DR((V
N
t )
sa) ⊆ DR(V
sa
t ) this shows that dist
ρ‖·‖t
H
(
DR((V
N
t )
sa),DR(V
sa
t )
)
< ε
3
. Since
the embeddings (V Nt )
sa ⊆ V sat ⊆ C
∗
r (Z, B, βt) are unital (and isometric) we conclude that
distRoq((V
N
t )
sa, V sat ) <
ε
3
for all t ∈ T . The result of the lemma now follows from Proposition
3.5. 
Proof of Theorem 7.2. Fix t0 ∈ T and ε > 0. We need to find an open neighbourhood
U ⊆ T of t0 ∈ T such that for all t ∈ U we have distq(V
sa
t , V
sa
t0
) < ε. By Lemma 7.14
there exists an N ∈ N0 such that distq(V
sa
t , (V
N
t )
sa) < ε
3
for all t ∈ T . Moreover, since
the assumptions in Theorem 7.2 are identical with those of Proposition 7.13, we obtain
an open neighbourhood U of t0 such that distq((V
N
t )
sa, (V Nt0 )
sa) < ε
3
for all t ∈ U . The
estimate distq(V
sa
t , V
sa
t0
) < ε now follows from the triangle inequality for the quantum
Gromov-Hausdorff distance, see [Rie04b, Theorem 4.3]. 
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8. Diffeomorphisms of Riemannian manifolds
Throughout this section M denotes a connected, compact Riemannian manifold. We
are going to investigate the quantum Gromov-Hausdorff convergence problem for crossed
products by the integers related to diffeomorphisms of the manifold M . The setting will
be a very general one where we do not put any restrictions on the diffeomorphisms we
consider, in particular they are not assumed to be related to the Riemannian metric in
any way. Relying on the results of the previous sections, for any such diffeomorphism we
show how the corresponding crossed product becomes a compact quantum metric space
and moreover we show that these crossed products vary continuously in the quantum
Gromov-Hausdorff distance, whenever we have a family of diffeomorphisms T → Diff(M)
which is continuous in the Whitney C1-topology. We emphasize that, contrary to earlier
approaches to crossed products by non-isometric actions, see for example [CoMo95, Part
I] and [BMR10, Section 4], we do not need to change the algebra of coordinates. This
is particularly important when dealing with compact quantum metric spaces, since the
substitutes in [CoMo95, BMR10] are always non-compact and hence display a quite
different behaviour from a quantum metric perspective, [Lat07, Lat13, MeRe16].
We let TRM → M denote the tangent bundle and TM → M denote the complexified
tangent bundle. For each p ∈ M , we apply the notation 〈·, ·〉p : TpM × TpM → C for the
inner product on the fibre TpM coming from the Riemannian metric and in this way TpM
becomes a finite dimensional complex Hilbert space. We apply the notation ‖ · ‖p : TpM →
[0,∞) for the corresponding Hilbert space norm. For any smooth function f ∈ C∞(M)
and each p ∈ M , we let df(p) : TpM → C denote the exterior derivative of f at the point
p ∈ M . Comparing with Section 4 we now put B = C(M), VB = C
∞(M) and define the
semi-norm LC(M) : C
∞(M)→ [0,∞) by LC(M)(f) := supp∈M ‖df(p)‖∞ for all f ∈ C
∞(M),
where ‖ · ‖∞ : L(TpM,C) → [0,∞) denotes the operator norm. Let d : M ×M → [0,∞)
denote the metric on M coming from the Riemannian metric, meaning that
d(p, q) = inf
{∫ b
a
‖dγ(t)‖γ(t)dt
∣∣∣ γ : [a, b]→ M smooth, γ(a) = p, γ(b) = q} . (8.1)
In particular, for any smooth map f : M → C we have the Lipschitz constant Cf defined
by
Cf := sup
{
|f(p)− f(q)|
d(p, q)
∣∣∣ p 6= q} .
Remark that 0 6 Cf 6 LC(M)(f) <∞ since
|f(p)− f(q)| = |
∫ b
a
(f ◦ γ)′(t)dt| 6
∫ b
a
‖df(γ(t))‖∞‖dγ(t)‖γ(t)dt
6 LC(M)(f)
∫ b
a
‖dγ(t)‖γ(t)dt
(8.2)
for every p, q ∈M and every smooth curve γ : [a, b]→M with γ(a) = p and γ(b) = q.
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The following result can be found in [Con89, Proposition 1] in the context of spin
manifolds, but is known to be valid in the much more general context of Lipschitz manifolds,
see [Con89, Remark 2]. For the sake of completeness, we present a few extra details on
the proof:
Proposition 8.1. Suppose that M is a connected, compact Riemannian manifold. For
each f ∈ C∞(M), we have the identity LC(M)(f) = Cf . In particular, it holds that
(C(M), LC(M)) is a compact quantum metric space and the corresponding metric dLC(M)
on M ⊆ S(C(M)) agrees with the metric d : M ×M → [0,∞) defined in (8.1).
Proof. Once we have established that LC(M)(f) = Cf for all f ∈ C
∞(M), the remaining
claims of the proposition follow from the work of Kantorovicˇ and Rubinsˇte˘ın, [KaRu57,
KaRu58], so we focus on computing the semi-norm LC(M) : C
∞(M) → [0,∞). Let f ∈
C∞(M) be given. From the computation in (8.2) it follows that Cf 6 LC(M)(f). On the
other hand, for each p ∈ M and each unit vector ξ ∈ TpM , we may choose a geodesic
γ : (−ε, ε)→ M with γ(0) = p and dγ(0) = ξ, see [Lee18, Theorem 4.27]. Since geodesics
are locally length minimizing, see [Lee18, Theorem 6.15], we may assume that
l(s) := d(γ(s), p) =
∫ s
0
‖dγ(t)‖γ(t)dt
for all s ∈ [0, ε). Note that the function l(s) := d(γ(s), p) is differentiable at s = 0 with
derivative l′(0) = ‖dγ(0)‖p = ‖ξ‖p = 1. We then estimate that
|df(ξ)| = |(f ◦ γ)′(0)| = lim
h→0+
∣∣∣∣f(γ(h))− f(p)h
∣∣∣∣
= lim
h→0+
∣∣∣∣f(γ(h))− f(p)l(h) · l(h)h
∣∣∣∣ 6 Cf · limh→0+ l(h)h = Cf .
This shows that LC(M)(f) 6 Cf , and the proof is complete. 
For any diffeomorphism ψ : M → M we obtain a ∗-automorphism βψ : C(M) → C(M),
f 7→ f ◦ ψ which restricts to an isomorphism βψ : C
∞(M) → C∞(M). Fixing an or-
der preserving, normalized norm |||·||| on Cc(Z) we may, as in Section 4, consider the
reduced crossed product A := C∗r (Z, C(M), βψ) together with the semi-norm Lψ :=
max{L1, L2} : Cc(Z, C
∞(M))→ [0,∞) defined by the components
L1
( ∞∑
n=−∞
fnU
n
)
:=
∥∥ ∞∑
n=−∞
n · fnU
n
∥∥
A
and
L2
( ∞∑
n=−∞
fnU
n
)
:= max
{∣∣∣∣∣∣ ∞∑
n=−∞
LC(M)(fn)en
∣∣∣∣∣∣, ∣∣∣∣∣∣ ∞∑
n=−∞
LC(M)
(
f−n ◦ ψ
◦n
)
en
∣∣∣∣∣∣}
for all
∑∞
n=−∞ ξnU
n ∈ VA := Cc(Z, C
∞(M)).
The next result is now an immediate consequence of Theorem 5.1, once we note that the
semi-norm LC(M) : C
∞(M) → [0,∞) is indeed lower semi-continuous, which follows from
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Proposition 8.1, since
LC(M)(f) = Cf = sup
{
|f(p)− f(q)|
d(p, q)
∣∣∣ p 6= q} for all f ∈ C∞(M).
Theorem 8.2. Suppose that ψ : M → M is a diffeomorphism of a connected, compact
Riemannian manifold. Then the semi-norm Lψ : Cc(Z, C
∞(M)) → [0,∞) is lower semi-
continuous and
(
C∗r (Z, C(M), βψ), Lψ
)
is a compact quantum metric space.
Our next aim is to investigate the quantum Gromov-Hausdorff continuity of the crossed
product as the diffeomorphism varies. To this end, we fix a compact Hausdorff space T
together with a map ψ : T → Diff(M) associating a diffeomorphism ψt : M → M to each
t ∈ T . In particular, putting βt := βψt and Lt := Lψt we obtain a compact quantum metric
space
(
C∗r (Z, C(M), βt), Lt
)
for all t ∈ T . We are interested in the continuity properties of
the map
t 7→
(
C∗r (Z, C(M), βt), Lt
)
with respect to the quantum Gromov-Hausdorff distance. In order to investigate this
problem we recall the definition of the Whitney C1-topology on C∞(M,M), see for example
[Hir94, Chapter 2.1]. For a smooth map f : M →M , coordinate charts (U, x) and (V, y) on
M , and any point p ∈ U with f(p) ∈ V , we consider the Jacobian Jy,x(f)(p) ∈ Mdim(M)(C)
defined by(
Jy,x(f)(p)
)
ij
:=
∂(yi ◦ f)
∂xj
∣∣∣
p
: U → C for all i, j ∈ {1, . . . , dim(M)}.
Let now f ∈ C∞(M,M) be fixed. Whenever (U, x) and (V, y) are coordinate charts on M ,
K ⊆ U is a compact set with f(K) ⊆ V , and ε > 0, we define the subset Wf (x, y,K, ε) ⊆
C∞(M,M) consisting of those g ∈ C∞(M,M) satisfying that
(1) supp∈K d(f(p), g(p)) < ε;
(2) g(K) ⊆ V and supp∈K ‖Jy,x(f)(p)− Jy,x(g)(p)‖∞ < ε ,
where ‖·‖∞ : Mdim(M)(C)→ [0,∞) denotes the operator norm, and d denotes the Riemann-
ian metric defined in (8.1). A neighbourhood basis around f for the Whitney C1-topology
is then provided by taking finite intersections of the subsets Wf(x, y,K, ε) ⊆ C
∞(M,M)
while varying the coordinate charts, the compact subset, and the parameter ε > 0. We
consider the diffeomorphism group of M , Diff(M) ⊆ C∞(M,M), endowed with the sub-
space topology coming from the Whitney C1-topology, and remark that Diff(M) in this
way becomes a topological group; see for example [Kup19, Corollary 3.1.12]. We can now
announce the following main theorem, the proof of which will occupy the remainder of this
section.
Theorem 8.3. Suppose that M is a connected, compact Riemannian manifold, that T is
a compact, Hausdorff space and that ψ : T → Diff(M) is continuous with respect to the
Whitney C1-topology. Then
lim
t→t0
distq
(
(C∗r (Z, C(M), βt), Lt), (C
∗
r (Z, C(M), βt0), Lt0)
)
= 0
for all t0 ∈ T , where βt(f) = f ◦ ψt for all f ∈ C(M), t ∈ T .
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The key continuity result which we need in order to prove Theorem 8.3 is contained
in the following proposition. For the statement, we recall that the operator semi-norm
‖ · ‖LC(M) is defined on the linear endomorphisms of C
∞(M) that are bounded with respect
to the semi-norm LC(M) : C
∞(M)→ [0,∞), see (7.1).
For each coordinate system (W, z) onM we have the smooth map gz : W → GL
+
dim(M)(R)
defined by (gz)ij = 〈
∂
∂zi
, ∂
∂zj
〉. This yields a unitary local trivialization ΦW : TW → W ×
Cdim(M) defined by
ΦW
(
∂
∂zi
)
:= g1/2z (ei) for all i ∈ {1, 2, . . . , dim(M)}.
Proposition 8.4. Suppose that ψ : T → Diff(M) is continuous with respect to the Whitney
C1-topology. Then the map T → [0,∞) defined by t 7→ ‖βt‖LC(M) is continuous.
Proof. Let t0 ∈ T and ε > 0 be given. It suffices to find an open neighbourhood Ω of t0
such that ∣∣‖d(f ◦ ψt)(ψ−1t (q))‖∞ − ‖d(f ◦ ψt0)(ψ−1t0 (q))‖∞∣∣ 6 ε (8.3)
for all t ∈ Ω, q ∈M and f ∈ B1(LC(M)). Indeed, if the above inequality holds, then∣∣LC(M)(βt(f))− LC(M)(βt0(f))∣∣ = ∣∣∣ sup
q∈M
‖d(f ◦ ψt)(ψ
−1
t (q))‖∞ − sup
q∈M
‖d(f ◦ ψt0)(ψ
−1
t0
(q))‖∞
∣∣∣
6 ε
for all t ∈ Ω and all f ∈ B1(LC(M)), and hence∣∣‖βt‖LC(M) − ‖βt0‖LC(M)∣∣ = ∣∣∣ sup
f∈B1(LC(M))
LC(M)(βt(f))− sup
f∈B1(LC(M))
LC(M)(βt0(f))
∣∣∣ 6 ε
for all t ∈ Ω. At first glance, the evaluation at ψ−1t (q) may seem strange, but it serves the
purpose of making some of the estimates below a bit more manageable. So we focus on
establishing the inequality in (8.3). In fact, since M is compact we only need to establish
the inequality in (8.3) locally. More precisely, we fix a compact set L ⊆ M which is
contained in a coordinate chart (V, y), and are then going to find an open neighbourhood
Ω of t0 such that ∣∣‖d(f ◦ ψt)(ψ−1t (q))‖∞ − ‖d(f ◦ ψt0)(ψ−1t0 (q))‖∞∣∣ 6 ε
for all t ∈ Ω, q ∈ L and f ∈ B1(LC(M)).
We start by choosing an open set V ′ ⊆ V such that L ⊆ V ′ and cl(V ′) ⊆ V . Now consider
the sets
U ′ := ψ−1t0 (V
′) U := ψ−1t0 (V ) and K := cl(U
′) = ψ−1t0 (cl(V
′)),
and remark that K ⊆ U and ψt0(K) ⊆ V . We put x := y ◦ψt0 : U → R
dim(M) so that (U, x)
is a coordinate chart on M . We apply the notation (U ′, x′) and (V ′, y′) for the coordinate
charts obtained from (U, x) and (V, y) by restriction.
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Using the compactness of the sets K and L, together with the continuity of the involved
maps, we may choose a constant C > 0 such that
‖g−1/2x (p)‖∞ , ‖g
1/2
y (q)‖∞ , ‖Jy,x(ψt0)(ψ
−1
t0
(q))‖∞ 6 C
for all p ∈ K and q ∈ L. Moreover, since continuous maps on compact metric spaces are
uniformly continuous there exists a δ > 0 such that
‖Jy,x(ψt0)(p)− Jy,x(ψt0)(p
′)‖∞ , ‖g
−1/2
x (p)− g
−1/2
x (p
′)‖∞ < ε/3C
2
for all p, p′ ∈ K with d(p, p′) < δ.
Next, put ε′ = min{δ, ε/3C2} and consider the Whitney C1-neighbourhood
Wψt0 (x, y,K, ε
′) around ψt0 and the Whitney C
1-neighbourhood Wψ−1t0
(y′, x′, L, ε′) around
ψ−1t0 . Since our map ψ : T → Diff(M) is assumed continuous with respect to the Whitney
C1-topology and Diff(M) is a topological group, we may choose an open neighbourhood
Ω ⊆ T of t0 such that
ψt ∈ Wψt0 (x, y,K, ε
′) and ψ−1t ∈ Wψ−1t0
(y′, x′, L, ε′)
for all t ∈ Ω. This implies that
ψ−1t (L) ⊆ U
′ ⊆ K and ψt(K) ⊆ V, (8.4)
d(ψ−1t (q), ψ
−1
t0
(q)) < δ and
∥∥Jy,x(ψt)(p)− Jy,x(ψt0)(p)∥∥∞ < ε3C2 (8.5)
for all t ∈ Ω, p ∈ K and q ∈ L.
For each q ∈ L and each t ∈ Ω, we recall that
dψt(ψ
−1
t (q))
(
∂
∂xj
∣∣∣
ψ−1t (q)
)
=
dim(M)∑
i=1
∂
∂yi
∣∣∣
q
·
∂(yi ◦ ψt)
∂xj
∣∣∣
ψ−1t (q)
=
dim(M)∑
i=1
∂
∂yi
∣∣∣
q
·
(
Jy,x(ψt)(ψ
−1
t (q))
)
ij
,
for all j ∈ {1, 2, . . . , dim(M)}. We thus have the identity
ΦV (q)dψt(ψ
−1
t (q))Φ
−1
U (ψ
−1
t (q)) = g
1/2
y (q) · Jy,x(ψt)(ψ
−1
t (q)) · g
−1/2
x (ψ
−1
t (q)),
where the operator on the right hand side is expressed as an element in the matrix algebra
Mdim(M)(C). As we will see in a moment, the following estimate, holding for each q ∈ L
40 JENS KAAD AND DAVID KYED
and each t ∈ Ω, is the key to obtain (8.3):∥∥ΦV (q)dψt(ψ−1t (q))Φ−1U (ψ−1t (q))− ΦV (q)dψt0(ψ−1t0 (q))Φ−1U (ψ−1t0 (q))∥∥∞
6
∥∥g1/2y (q)∥∥∞ · ∥∥Jy,x(ψt)(ψ−1t (q)) · g−1/2x (ψ−1t (q))− Jy,x(ψt0)(ψ−1t0 (q)) · g−1/2x (ψ−1t0 (q))∥∥∞
6 C · ‖Jy,x(ψt)(ψ
−1
t (q))− Jy,x(ψt0)(ψ
−1
t0
(q))‖∞ · ‖g
−1/2
x (ψ
−1
t (q))‖∞
+ C · ‖Jy,x(ψt0)(ψ
−1
t0 (q))‖∞ · ‖g
−1/2
x (ψ
−1
t (q))− g
−1/2
x (ψ
−1
t0 (q))‖∞
< C2 · ‖Jy,x(ψt)(ψ
−1
t (q))− Jy,x(ψt0)(ψ
−1
t (q))‖∞
+ C2 · ‖Jy,x(ψt0)(ψ
−1
t (q))− Jy,x(ψt0)(ψ
−1
t0 (q))‖∞ +
ε
3
< ε.
We now consider an f ∈ C∞(M) with LC(M)(f) := supp∈M ‖df(p)‖∞ 6 1. We then see
that ∣∣∣‖d(f ◦ ψt)(ψ−1t (q))‖∞ − ‖d(f ◦ ψt0)(ψ−1t0 (q))‖∞∣∣∣
=
∣∣∣‖df(q)dψt(ψ−1t (q))‖∞ − ‖df(q)dψt0(ψ−1t0 (q))‖∞∣∣∣
=
∣∣∣‖df(q)dψt(ψ−1t (q))Φ−1U (ψ−1t (q))‖∞ − ‖df(q)dψt0(ψ−1t0 (q))Φ−1U (ψ−1t0 (q))‖∞∣∣∣
6 ‖df(q)‖∞ ·
∥∥dψt(ψ−1t (q))Φ−1U (ψ−1t (q))− dψt0(ψ−1t0 (q))Φ−1U (ψ−1t0 (q))∥∥∞
< ε
for all q ∈ L and all t ∈ Ω. This proves the proposition. 
We are now ready to provide the proof of the main theorem of this section:
Proof of Theorem 8.3. We need to verify the conditions in Theorem 7.2. We start by noting
that the map T → C(M) given by t 7→ βt(f) = f ◦ ψt is continuous whenever f ∈ C(M)
is fixed. To see this, one may apply the argument given in the proof of Corollary 7.5 and
we will therefore not repeat the details here.
We now verify the conditions (1), (2) and (3) from Theorem 7.2. Condition (1) is already
proved in Proposition 8.1. For condition (2) and (3) we fix an n ∈ Z and a t0 ∈ T . Since
Diff(M) is a topological group with respect to the Whitney C1-topology we know that the
maps T → Diff(M) given by t 7→ ψ−nt ◦ψ
n
t0 and t 7→ ψ
−n
t0 ◦ψ
n
t are continuous. We have the
identities
βnt0,t = β
n
t0
◦ β−nt = βψ−nt ◦ψnt0
and βnt,t0 = β
n
t ◦ β
−n
t0
= βψ−nt0 ◦ψ
n
t
,
which together with Proposition 8.4 imply that the maps
t 7→ ‖βnt0,t‖LC(M) and t 7→ ‖β
n
t,t0‖LC(M)
are continuous. By Lemma 7.6, this entails that condition (3) holds. Moreover, using that
βnt0,t0 = id : C(M) → C(M) we may, for each ε > 0, find an open neighbourhood Ω of
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t0 ∈ T such that for all f ∈ C
∞(M) and all t ∈ Ω we have
LC(M)(β
n
t (f)) = LC(M)(β
n
t ◦ β
−n
t0
◦ βnt0(f)) 6 ‖β
n
t,t0
‖LC(M)LC(M)(β
n
t0
(f))
6 (1 + ε) · LC(M)(β
n
t0
(f)).
This shows that condition (2) also holds and we have proved the theorem. 
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